Motivic cohomology of mixed characteristic schemes

Tess Bouis

Abstract

We introduce a theory of motivic cohomology for quasi-compact quasi-separated schemes, which
generalises the construction of Elmanto-Morrow in the case of schemes over a field. Our construc-
tion is non-A'-invariant in general, but it uses the classical A'-invariant motivic cohomology of
smooth Z-schemes as an input. The main new input of our construction is a global filtration
on topological cyclic homology, whose graded pieces provide an integral refinement of derived de
Rham cohomology and Bhatt—Morrow—Scholze’s syntomic cohomology. Our theory satisfies var-
ious expected properties of motivic cohomology, including a relation to non-connective algebraic
K-theory via an Atiyah—Hirzebruch spectral sequence, the projective bundle formula, and pro cdh
descent.

CONTENTS
Introduction 2
1.1 A non-Al-invariant theory of motivic cohomology . . . . . . . . ... ... ... ..... 3
1.2 Motivic cohomology of regular schemes . . . . . . .. .. ... oL Lo 8
1.3 Motivic cohomology of singular schemes . . . . . .. ... ... ... .. ... ... 9
1.4 Notation . . . . . . . . L e 11
1.5 Acknowledgements . . . . . . . . ... 13
The motivic filtration on topological cyclic homology 14
2.1 The HKR filtrations . . . . . . . . . . . . e 14
2.2 The BMS filtrations . . . . . . . . . . e e e 17
2.3 The motivic filtration on TC . . . . . . . .. . o 21
2.4 The motivic filtration on L.qn TC . . . . . . . . .. . o 24
Definition of motivic cohomology 25
3.1 Classical motivic cohomology . . . . . . . . . .. L 25
3.2 The cdh-local motivic filtration . . . . . .. .. L oL 26
3.3 Definition of motivic cohomology . . . . . . . . ... o 27
Rational structure of motivic cohomology 32
4.1 Adams operations . . . . . ... .. L e 32
4.2 Rigid-analytic HKR filtrations . . . . . . . . . . .. . ... 37
4.3 A rigid-analytic Goodwillie theorem . . . . . . .. ... L oo oo 43
4.4 Rigid-analytic derived de Rham cohomology is a cdh sheaf . . . . . . .. ... ... ... 46
4.5 The Atiyah—Hirzebruch spectral sequence . . . . . . . .. .. .. ... ... ....... 47
4.6 Rational structure of motivic cohomology . . . . . . . ... ... L. 52
4.7 A global Beilinson fibre square . . . . . . . . ... o e 55
p-adic structure of motivic cohomology 58
5.1 Comparison to étale cohomology . . . . . . . .. .. e 58
5.2 Comparison to syntomic cohomology . . . . . . . . . .. ..o 59



TESS BOUIS

6 Comparison to classical motivic cohomology 62
6.1 Comparison to classical motivic cohomology in low degrees . . . .. .. ... ... ... 62
6.2 Comparison to classical motivic cohomology in low dimensions . . . . .. ... ... .. 63

7 Comparison to Milnor K-theory and lisse motivic cohomology 67
7.1 Comparison to lisse motivic cohomology . . . . . . . ... ... .. Lo oL, 67
7.2 Comparison to Milnor K-theory . . . . .. ... .. ... ... ... ... 70

8 The projective bundle formula 75
81 First Chern classes . . . . . . . . . . . 75
8.2 Plbundle formula . . .. .. .. .. ... 76
8.3 Regular blowup and projective bundle formulae . . . . . . . ... ... ... 000 80

9 Motivic Weibel vanishing and pro cdh descent 82
9.1 Pro cdh descent for the cotangent complex . . . . . . . .. .. .. Lo 82
9.2 Pro cdh descent for motivic cohomology . . . . . . . ... oo 87
9.3 Motivic Weibel vanishing . . . . . . . .. .00 o oL 90
9.4 Comparison to pro cdh motivic cohomology . . . . . . .. .. ... oL 92

10 Al-invariant motivic cohomology 94
10.1 Comparison to Al-invariant motivic cohomology . . . . ... ... ... ... ...... 94
10.2 F-smoothness of valuation rings . . . . . . . . . ... ... L o 96
10.3 Motivic regularity . . . . . . . L 97

11 Examples 102
11.1 Perfect and semiperfect rings . . . . . . .. . . L Lo 102
11.2 Finite chain rings . . . . . . . . . . . . o 103
11.3 Valuation rings . . . . . . . . . L e 104
11.4 Cr-algebras . . . . v o e e e 106
11.5 Truncated polynomials . . . . . . . . . . .. L 106

1 INTRODUCTION

Motivic cohomology is an analogue in algebraic geometry of singular cohomology. It was first
envisioned to exist for schemes X of finite type over Z by Beilinson and Lichtenbaum [Lic73, Lic84,
Bei86, Bei87, BMS87], as a way to better understand the special values of their L-functions. Motivic
cohomology, in the form of complexes of abelian groups Z(i)™°*(X) indexed by integers i > 0, should be
an integral interpolation between étale cohomology, and Adams eigenspaces on rationalised algebraic
K-theory. That is, there should be a natural filtration Fil} K(X) on the non-connective algebraic

K-theory K(X), which splits rationally, and whose shifted graded pieces
L) (X) = grinor K(X)[2i]

are given mod p, when p is invertible in X, and in degrees less than or equal to ¢, by the étale
cohomology RTs (X, pu3"):

TSR, (1) (X) & 7 RT 4 (X, uSY).

Such a theory was first developed in the smooth case at the initiative of Bloch and Voevodsky [Blo86,
VSF00], using algebraic cycles and A'-homotopy theory. In this generality, the use of Al-invariant
techniques is permitted by Quillen’s fundamental theorem of algebraic K-theory [Qui73], stating that
algebraic K-theory is Al-invariant on regular schemes. On more general schemes, algebraic K-theory
fails to be Al-invariant, so motivic cohomology itself needs to be non-A'-invariant in general. The
first non-A'-invariant theory of motivic cohomology was recently introduced by Elmanto and Morrow
[EM23], using recent advances in algebraic K-theory and topological cyclic homology. Their theory is
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developed in the generality of quasi-compact quasi-separated (qcqgs) schemes over an arbitrary field,
and recovers on smooth varieties the classical Al-invariant theory.

In this article, we extend the work of Elmanto—Morrow to mixed characteristic, thus producing a
theory of motivic cohomology in the originally expected generality of Beilinson and Lichtenbaum. Our
theory relies on recent progress in integral p-adic Hodge theory [BMS19, BS22, BL22|, and offers in
return a complete description of mod p motivic cohomology, even when p is not invertible in the qcqgs
scheme X.

1.1 A non-Al-invariant theory of motivic cohomology

The starting point of our construction is the following result, due to Kerz—Strunk—Tamme [KST18]
(who prove that homotopy K-theory is the cdh sheafification of algebraic K -theory) and Land-Tamme
[LT19] (who prove that the fibre K™ of the cyclotomic trace map satisfies cdh descent).

Theorem 1.1 ([KST18, LT19]). Let X be a qcgs scheme. Then the natural commutative diagram

K(X) — TC(X)

!

KH(X) — (LeanTC)(X)

is a cartesian square of spectra, where KH(X) is the homotopy K-theory of X, TC(X) is the topological
cyclic homology of X, Leqn is the cdh sheafification functor, the top horizontal map is the cyclotomic
trace map, and the bottom horizontal map is the cdh sheafified cyclotomic trace map.

Theorem 1.1 states that algebraic K-theory of schemes can be reconstructed purely in terms of
homotopy K-theory (i.e., information coming from A!-homotopy theory) and topological cyclic ho-
mology (i.e., information coming from trace methods). The cdh topology is a Grothendieck topology
introduced by Voevodsky [SV00, Voel0], as a way to apply topos theoretic techniques to the study of
resolution of singularities. In particular, assuming resolution of singularities, any qcqs scheme would
be locally regular in the cdh topology. While homotopy K-theory and topological cyclic homology
were originally introduced as tools to approximate the existing algebraic K-theory, we construct the
motivic cohomology of schemes using refinements of homotopy K-theory and topological cyclic homol-
ogy. More precisely, our motivic filtration on algebraic K-theory is defined as a pullback of appropriate
filtrations on homotopy K-theory, topological cyclic homology, and cdh sheafified topological cyclic
homology.

On homotopy K-theory, we use the recent work of Bachmann—Elmanto—-Morrow [BEM], who con-
struct a functorial multiplicative N-indexed filtration Fil%4, KH(X) on the homotopy K-theory of qcqs
schemes X. The shifted graded pieces of this filtration, that we will denote by Z(i)°d" (X)), provide a
good theory of cdh-local motivic cohomology for qcgs schemes. Their construction, which we review in
Section 3.2, relies on the classical A'-invariant motivic cohomology of smooth Z-schemes, and extends
most of its properties to general qcgs schemes.

Our first construction is that of a functorial multiplicative Z-indexed filtration Fil} ,TC(X) for
qcqs schemes X. This filtration recovers the HKR filtration on HC™ (X/Q) in characteristic zero
[Ant19, MRT22, Rak20], and the motivic filtration on TC(X;Z,) after p-completion [BMS19, Mor21,
BL22, HRW22]. We describe the shifted graded pieces

Z(i)TC(X) ~ grl ,  TC(X)[—2i]

mot

of this filtration in the following definition.
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Definition 1.2 (See Definition 2.30). For every qcgs scheme X and every integer ¢ € Z, the complex
Z(i)T°(X) € D(Z) is defined by a natural cartesian square

—~ >1
Z(i)"C(X) ————— Rl'za:(X,LO7, )

| !

‘ >
[Tyep Zp(0)PM3(X) —— T ep Rlzar (X, (LQZ, 2)p),

where Z,(i1)PM5(X) is the syntomic cohomology of the p-adic formal scheme associated to X.
It is straightforward from this definition that the presheaf Z(i)T° is naturally identified with Bhatt—
Morrow—Scholze’s syntomic complex Zp(i)BMS in characteristic p, and with the Hodge-completed

>
derived de Rham complex RFZar(—,}LQ:Z/Q) in characteristic zero. Following [EM23], the motivic
complex Z (i)™ is defined in characteristic p and zero respectively by cartesian squares

Z(i)Y(X) ——— Zy(i)BM3(X) (i)™t (X) ——s Ranr(X,H:?ij)
Z(i)cdll(X)  — (Lcdh Zp(@')BMS)(X) Z(Z')cdh(X) — s Rl (X’mii(@)

The following definition is then a natural mixed characteristic generalisation of Elmanto—Morrow’s
definition over a field.

Definition 1.3 (Motivic cohomology; see Section 3.3). For every qcgs scheme X and every integer
1 € Z, the weight-i motivic complex
Z(i)™"(X) € D(Z)

of X is defined by a natural cartesian square

Z(i) N (X) —— Z(i) 'Y (X)

| |

Z (i) (X) —— (Lean Z(i) ") (X),

where the bottom horizontal map is induced by a filtered refinement of the cdh sheafified cyclotomic
trace map.

However, proving the expected relation between the motivic complexes Z(i)™°' and algebraic
K-theory (Theorem C below) requires more efforts in mixed characteristic than over a field. The
main foundational obstacle is to prove that the presheaves Z(i)™°" vanish in weights i < 0, as we
explain now. Note first that, by construction, the presheaves Z(i)°" do vanish on all qcqs schemes in
weights ¢ < 0 (Section 3.2).

In characteristic p, the presheaves Z,(i)BM® vanish in weights i < 0, thus so do the presheaves
Z(i)™°* and the zeroth step of the associated motivic filtration Fil}, K recovers algebraic K-theory.
Ignoring for a moment the completeness issues for this motivic filtration, this means that the presheaves
Z(1)™°* provide a natural cohomological refinement of algebraic K-theory on arbitrary characteristic p
schemes.

>

In characteristic zero, the presheaves RI'za:(—, 2", ) do not vanish in weights ¢ < 0. Instead,
they are equal to the presheaf RI'z,,(—, m_/Q), which happens to be a cdh sheaf on qeqs Q-schemes,
by results of Cortinas—Haesemeyer—Schlichting—Weibel [CHSWO08], Antieau [Ant19], and Elmanto-
Morrow [EM23]. That is, the right vertical map of the previous diagram is an equivalence in weights
i < 0, so the presheaves Z(i)™°® vanish in weights ¢ < 0, and the zeroth step of the associated motivic
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filtration Fil} K recovers algebraic K-theory. This means that the presheaves Z(i) provide a
natural cohomological refinement of algebraic K-theory on arbitrary characteristic zero schemes.

In mixed characteristic, we prove similarly that in weights i < 0, the presheaves Z(i)™® are cdh
sheaves on qcqs schemes, i.e., that the presheaves Z(i)™°% vanish. The result modulo a prime number p
is a consequence, as in characteristic p, of the fact that the presheaves Zp(i)BMS vanish in weights ¢ < 0.
The difficulty is to then prove that the presheaves Q(i)'“ are cdh sheaves in weight i < 0.

The main cdh descent result used in characteristic zero does not hold in mixed characteristic. That
is, the presheaf RI'z,.(—,LQ_,7) (or its rationalisation) is not a cdh sheaf on qcgs schemes. We avoid
this difficulty by proving a rigid-analytic analogue of this cdh descent result. To formulate this result,
denote by

~ >
R0 (X, L0, /q)

the rigid-analytic derived de Rham cohomology of a qcqs Zy,)-scheme X, which we define as the pushout
of the diagram

—~>i > >
RUz0: (X, (LQ”2)0) ¢— RUz0 (X, LQ” ) — RUz0r(X,LO°_ )

in the derived category D(Z). Here, we restrict our attention to qcqs Zy)-schemes for simplicity, and
refer to Section 4 for the relevant statements over Z. As a consequence of Definition 1.2, there is a
natural cartesian square

Q(i)TC(X) —— RFZar(X,mi Q)

| !

—~ >
QP(Z)BMS(X) R — RFZar(Xa m:@p/(@p)

in the derived category D(Q). In weights i < 0, the presheaves Q,(i)BMS vanish. As already men-

tioned, the presheaf RFZM(—Jiﬁw /@) is moreover a cdh sheaf on qcgs schemes. So the fact that the
presheaves Q(i)TC are cdh sheaves in weights 4 < 0 reduces to the following result, which can be seen
as a rigid-analytic analogue of the latter cdh descent over Q.

Theorem A (Cdh descent for rigid-analytic derived de Rham cohomology; see Corollary 4.45). For
every prime number p, the presheaf RI'za; (—,mf@ /Qp) satisfies cdh descent on qcqs Z,)-schemes.

The modern proof of the analogous result over Q relies on the theory of truncating invariants
of Land-Tamme [LT19] and on a theorem of Goodwillie [Goo85], who prove respectively that every
truncating invariant is a cdh sheaf on qcqs schemes and that periodic cyclic homology over Q is a
truncating invariant. By definition, a truncating invariant is a localizing invariant E such that for every
connective Ei-ring R, the natural map F(R) — E(m(R)) is an equivalence. To prove Theorem A, we
then use the condensed mathematics of Clausen—Scholze [CS19], and prove that a suitable rigid-analytic
variant of periodic cyclic homology is a truncating invariant. In particular, the proof of Theorem A
relies on a result on associative rings (actually, on general solid connective E-rings).

As a consequence of Theorem A, we obtain the following cohomological description of rational
motivic cohomology.

Theorem B (p-adic and rational motivic cohomology; see Corollaries 3.25 and 4.67). Let X be a qgcgs
scheme, and p be a prime number. Then for any integers i € Z and k > 1, the natural commutative
diagrams

Z [pF (i)™t (X) — 7 /p"(i)BMS(X) Qi)™ (X) —— Ranr(X7m§;/Q)
Z IO (X) — (LeanZ /P GPYS)(X) Q)M (X) —— Rlean (X107 o)

are cartesian squares in the derived category D(Z).
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Together, these two cartesian squares recover the cartesian squares of Elmanto—-Morrow that define
the motivic complexes Z (i)™ over a field, and are thus natural mixed characteristic analogues of
these. The p-adic part of Theorem B is a formal consequence of Definitions 1.2 and 1.3. The rational
part of Theorem B implies that the difference between Q(i)™°*(X) and Q(i)°™®(X) depends only on
the rationalisation Xq of the scheme X. If X is regular, this difference should vanish, and this is then
more interesting in the presence of singularities. More precisely, Theorem B can be used to capture
interesting information about the singularities of an arbitrary commutative ring R: cdh sheaves are
typically insensitive to singularities, so the singular information in the motivic complex Z(i )Mot (R) is
controlled by the complexes Z /p*(i)BMS(R) and LQ( Re,0), @ Which are accessible to computation.

Theorem B also implies that the presheaves Q(7)™°" vanish in weights 4 < 0, which was the essential
missing part to establish the following fundamental properties of motivic cohomology.

Theorem C (Relation to algebraic K-theory). There ezists a finitary Nisnevich sheaf of filtered spectra

Fil*

mot

K(=) : Sch9°®°P — FilSp
with the following properties:

(1) (Atiyah-Hirzebruch spectral sequence; see Section 4.5) For every qcgs scheme X, the filtra-
tion Fil%, . K(X) is a multiplicative N-indexed filtration on the non-connective algebraic K -theory
K(X), whose graded pieces are naturally given by

B K(X) = Z()™ (X)[21], i >0,

In particular, writing H? (X, Z(i)) := H(Z(i)™*(X)) for the corresponding motivic cohomol-
ogy groups, there exists an Atiyah—Hirzebruch spectral sequence

By = Hypt (X, Z(—j)) = K_i—(X).

mot

If X has finite valuative dimension,* then the filtration Fil%,  K(X) is complete, and the Atiyah—
Hirzebruch spectral sequence is convergent.

(2) (Adams decomposition; see Corollary 4.57) For every qcgs scheme X, the Atiyah—Hirzebruch
spectral sequence degenerates rationally and, for every integer n € Z, there is a natural isomor-
phism of abelian groups

X) @z Q=P (Mo (X, Z(0) ©2 Q)

>0
induced by the Adams operations on rationalised algebraic K-theory.

One of the main historical motivations for developing motivic cohomology was to apply cohomo-
logical techniques to the study of algebraic K-theory [BMS87]. The following theorem summarizes our
results on the relations between motivic cohomology and previously studied cohomological invariants.
When X is smooth over Z, we denote by

Z(i)*(X) = 2'(X, ¢)[-2i]

the weight-i classical motivic complez, where z'(X,e) is Bloch’s cycle complex (and e is the cohomo-
logical index).

IThe valuative dimension of a commutative ring, defined in terms of the ranks of certain valuation rings, was intro-
duced by Jaffard in [Jaf60, Chapter IV], and generalised to schemes in [EHIK21, Section 2.3]. The valuative dimension
of a scheme is always at least equal to its Krull dimension, and both notions agree on noetherian schemes. For our
purposes, the valuative dimension of a qcgs scheme X will be used as an upper bound on the cohomological dimension
of the cdh topos of X ([EHIK21, Theorem 2.4.15]).
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Theorem D. Let X be a qcqs scheme, and ¢ > 0 be an integer.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(Weight zero; see Example 4.69) There is a natural equivalence
Z(0)™°"(X) =5 Rlcqn(X,7Z)
in the derived category D(Z).

(Weight one; see Example 7.15) There is a natural map
RINis (X, G)[~1] — Z(1)™"(X)
in the derived category D(Z) which is an isomorphism in degrees less than or equal to three.

(Etale cohomology; see Corollary 5.6) For every prime number ¢ which is invertible in X and
every integer k > 1, there is a natural map

Z /0 (i)™ (X) — RTe (X, i)
in the derived category D(Z /%) which is an isomorphism in degrees less than or equal to 1.

(Syntomic cohomology; see Corollary 5.11) For every prime number p and every integer k > 1,
there is a natural map
2 g )" (X) — 2 /()7 (X)

in the derived category D(Z /p*) which is an isomorphism in degrees less than or equal to i, where
Z [p*(i)*¥™(X) denotes the weight-i syntomic cohomology of X in the sense of [BL22].

(Milnor K-theory; see Theorem 7.21) If X = Spec(A) is the spectrum of a henselian local ring A,
then for every integer n > 1, there is a natural isomorphism

KM (A)/n = H}, o0 (A, Z(3)) /n

mot

of abelian groups, where K?/I(A) denotes the i*" improved Milnor K -group of A in the sense of
[Ker10].

(Classical motivic cohomology; see Section 6) If X is smooth over Z, then there is a natural map
Z(i)"(X) — Z(i)™*(X)

in the derived category D(Z) which is an isomorphism in degrees less than or equal to i + 1 in

general, and an isomorphism in all degrees if X has dimension less than or equal to one over Z.

(Lisse motivic cohomology; see Corollary 7.12) If X = Spec(A) is the spectrum of a local ring A,
then for every integer i > 0, there is a natural equivalence

Z(i)lisse(A) ;> Tgi Z(i)mot(A)

in the derived category D(Z), where Z(i)*%® denotes the weight-i lisse motivic cohomology of A,
defined as the left Kan extension from smooth Z-algebras of the classical motivic complex Z(i)?.
In particular, the functor < Z(i)™°% is left Kan extended on local rings from local essentially
smooth Z-algebras.

(Al-invariant motivic cohomology; see Theorem 10.5) There is a natural equivalence
1

(Lar Z()™) (X) = Z(i)* (X)

in the derived category D(Z), where Z(i)*’ (X) denotes the cohomology represented by the slices
of the K -theory motivic spectrum KGLx € SH(X).
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The following result is a consequence of Theorem D (8) and the fact that the Al-invariant motivic
complexes Z(i)* recover the classical motivic complexes Z(i)°™® on smooth Z-schemes. In particular,
although we expect our motivic complexes Z(7)™° to actually coincide with the classical motivic
complexes Z(i)"® on smooth Z-schemes, this means that the former at least recover the latter after

enforcing Al-invariance.

Corollary E (See Corollary 10.9). Let X be a smooth scheme over Z. Then for every integer i > 0,
there is a natural equivalence
Z(i)"™(X) = (La1 Z(3)™") (X)

in the derived category D(Z).

Assuming the existence of a well-behaved derived category of motives DM, the motivic cohomology
groups of a scheme X should be given by
154

mot

(X, Z(i)) = Hompy (M(X), Z(i)[5]),

where M(X) € DM is the motive associated to X, and Z(i) € DM are the Tate motives, fitting for
every integer > 0 in a natural decomposition in DM:

M(P) = €D Z(5)[24].
§=0

In the Al-invariant framework, Voevodsky constructed such a derived category of motives, in which the
classical motivic complexes Z(i)°'* can be interpreted in terms of these Tate motives. Without assuming
Al-invariance, Annala-Twasa [AI23] and Annala-Hoyois—Iwasa [AHI23, AHI24] recently introduced a
more general derived category of motives, where the decomposition of the motive M(PP}), i.e., the
projective bundle formula, is isolated as the key defining property. The following result states that the
motivic complexes Z(i)™° fit within this theory of non-A!-invariant motives.

Theorem F (Projective bundle formula; see Theorem 8.16). Let X be a qcgs scheme, i > 0 be an
integer, and £ be a vector bundle of rank r on X. Then for every integer i > 0, the powers of the
motivic first Chern class ¢°*(O(1)) € H2, ., (Px (£),Z(1)) induce a natural equivalence

Dz — ) (X)[-25] > Tl (Ex ()
1=0

in the derived category D(Z).

Theorem F is proved by Elmanto—Morrow in the equicharacteristic case [EM23], where the proof
relies on the projective bundle formula for the complexes Z(i)°" [BEM]. In mixed characteristic,
however, the cdh-local motivic complexes Z (i) are known to satisfy the projective bundle formula
only conditionally on a certain property of valuation rings, called F-smoothness [BM23, BEM]. This
condition can be proved in mixed characteristic for valuation rings over a perfectoid base: this is the
main result of [Bou23]. The case of general valuation rings remaining open, our proof of Theorem F is
different from that of Elmanto—Morrow, and uses in particular our description of motivic cohomology
with finite coefficients in terms of syntomic cohomology (Theorem 5.10).

1.2 Motivic cohomology of regular schemes

Recall that on smooth Fj,-schemes, the Beilinson-Lichtenbaum conjecture, proved by Suslin and
Voevodsky as a consequence of the Bloch—Kato conjecture [SV00], computes the ¢-adic part of motivic
cohomology in terms of the cohomology of the étale sheaf iy« of £*-roots of unity. To describe the p-adic
part of motivic cohomology, one needs to replace u%?f (which is zero on smooth varieties when ¢ = p
and ¢ > 0) by the logarithmic de Rham-Witt sheaves Wkﬂﬁylog [GLOO]. The corresponding description
of p-adic algebraic K-theory, in terms of the logarithmic de Rham—Witt sheaves, is generalised in
[KM21] to all Cartier smooth F,-algebras, and in particular to all characteristic p valuation rings.
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On smooth schemes over a mixed characteristic Dedekind domain, the p-adic part of classical
motivic cohomology is similarly described in low degrees by the étale cohomology of the generic fibre
[Gei04]. This result is a consequence of the Gersten conjecture proved by Geisser [Gei04], and is
unknown for general regular schemes. Combined with Theorem D (6), the following result extends
this description of classical motivic cohomology to the regular case. More precisely, the notion of
F-smoothness was introduced by Bhatt—-Mathew [BM23] as a non-noetherian generalisation of regular
schemes, and our result naturally applies to general p-torsionfree F-smooth schemes.

Theorem G (Beilinson—Lichtenbaum conjecture for F-smooth schemes; see Corollary 5.12). Let X
be a p-torsionfree F'-smooth scheme (e.g., a reqular scheme flat over Z). Then for any integers i > 0
and k > 1, the Beilinson—Lichtenbaum comparison map

Z [p* (i)™ (X) — RTet(X[3], p3y)

18 an tsomorphism in degrees less than or equal to i — 1, and is injective in degree 1.

Valuation ring extensions of a perfectoid valuation ring being F-smooth by [Bou23], we then obtain
the following complete description of the p-adic motivic cohomology of valuation rings over a perfectoid
base.

Corollary H (Motivic cohomology of valuation rings; see Theorem 11.13). Let Vy be a p-torsionfree
valuation ring whose p-completion is a perfectoid ring, and V be a henselian valuation ring extension
of Vo. Then for any integers i > 0 and k > 1, the motivic complex 7 [p*(i)™°*(V') is in degrees at
most i, and the Beilinson—Lichtenbaum comparison map
Z [p" (i)™ (V) — RTe(Spec(V[3]), ui)
is an isomorphism in degrees less than or equal to i — 1. On H', this map is injective, with image
generated by symbols, via the symbol map
(VX)® - Hiy (Spec(VIL]), 4.

The proof of Theorem G relies on a syntomic-étale comparison theorem of Bhatt—Mathew [BM23]
(see also [Bou23, Theorem B] for a proof over perfectoid bases using relative prismatic cohomology).

1.3 Motivic cohomology of singular schemes

For the rest of this introduction, we focus on the properties of motivic cohomology that are specific
to singular schemes. One of the most interesting, yet mysterious features of the algebraic K-theory
of singular schemes is the presence of nonzero negative K-groups. Most of the current understanding
of negative K-groups relies on results on the behaviour of algebraic K-theory with respect to blowups
[CHSWO08, KST18]. It was proved in particular by Thomason [Tho93] that algebraic K-theory sends
the blowup square associated to a regular closed immersion to a long exact sequence of K-groups. The
following result is a cohomological refinement of Thomason’s result.

Theorem I (Regular blowup formula; see Theorem 8.15). For every regular closed immersion Y — X
of qcgs schemes (i.e., the closed subscheme Y is Zariski-locally on X defined by a regular sequence)
and every integer i > 0, the commutative diagram

Z(i)mOt (X) N Z(i)mOt (Y)

| l

Z(i)™°*(Bly (X)) — Z(i)™°*(Bly (X) xx Y)

is a cartesian square in the derived category D(Z).
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However, algebraic K-theory fails to associate long exact sequences to general blowups. Motivated
by Grothendieck’s theorem on formal functions for quasi-coherent cohomology [Gro61, Theorem 4.1.5],
many people hoped for a formal analogue of these long exact sequences in algebraic K-theory, that
would hold for general blowups. This was finally proved by Kerz—Strunk—Tamme [KST18], in the form
of a pro cdh excision property for the algebraic K-theory of arbitrary noetherian schemes. Note that
the pro cdh topology was recently introduced by Kelly—Saito [KS24], as a way to encode this pro cdh
excision property in a descent property for this Grothendieck topology. The following result relies in
particular on Theorem B and on Grothendieck’s theorem on formal functions, thus shedding some light
on the analogy between quasi-coherent and K-theoretic techniques.

Theorem J (Pro cdh descent; see Theorem 9.23). For every integer i > 0, the presheaf Z(i)™°*

satisfies pro cdh descent on noetherian schemes. That is, for every abstract blowup square

Y — X'

|

Yy — X

of noetherian schemes, the associated commutative diagram

Z (i)™ (X) ——— Z(i)™"(X)

| !

{Z@@™ (rY )} —— {Z(H)™ (1Y)}

is a weakly cartesian square of pro objects in the derived category D(Z).

Kelly—Saito moreover proved that non-connective algebraic K-theory not only satisfies pro cdh
descent, but is the pro cdh sheafification of connective algebraic K-theory [KS24]. Combined with
the observation of Bhatt—Lurie that connective algebraic K-theory is left Kan extended on commu-
tative rings from smooth Z-algebras [EHK'20], this motivated the definition of the pro edh motivic
complexes Z(i)P*°° as the pro cdh sheafification of the left Kan extension of the classical motivic
complexes Z(i)"'®. The following result relies on the comparison to lisse motivic cohomology (Theo-
rem D (7)) and pro cdh descent (Theorem J).

Corollary K (Comparison to pro cdh motivic cohomology; see Theorem 9.32). Let X be a noetherian
scheme. Then for every integer i > 0, there is a natural equivalence

Z(i)prOth (X) ;> Z(i)mOt (X)
in the derived category D(Z).

Note that the pro cdh motivic complexes Z(i)P™°" are not finitary, so they cannot coincide with
the motivic complexes Z(7)™°" on general qcqs schemes.

An important conjecture of Weibel [Wei80] states that for every noetherian scheme X of dimension
at most d, the negative K-groups K_,,(X) vanish for integers n > d. This conjecture was settled
by Kerz—Strunk—-Tamme [KST18], as a consequence of pro cdh descent for algebraic K-theory. The
proof of the following result uses the techniques of Kerz—Strunk-Tamme [KST18] as reformulated by
Elmanto-Morrow [EM23], who proved the same result over a field. In particular, Theorem L relies on
pro cdh descent for motivic cohomology (Theorem J).

Theorem L (Motivic Weibel vanishing; see Theorem 9.27). Let X be a noetherian scheme of finite
dimension d, and i > 0 be an integer. Then for every integer j > i+ d, the motivic cohomology group
H! (X, Z(3)) is zero.

mot

Via the Atiyah—Hirzebruch spectral sequence of Theorem C, Theorem L is a motivic refinement of
Weibel’s vanishing conjecture in K-theory.

10
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1.4 Notation

Algebraic K-theory. By default, algebraic K-theory means non-connective algebraic K-theory, as
introduced by Thomason—-Trobaugh [TT90]. By a theorem of Blumberg-Gepner—Tabuada [BGT13],
non-connective algebraic K-theory is the universal localizing invariant.

Al-invariance. A presheaf F'(—) on schemes is called Al-invariant if for every scheme X and every
integer m > 0, the natural map F'(X) — F(A}) is an equivalence. Given a presheaf F'(—) on schemes,
the Al-localisation Ly F(—) of F(—) is the initial Al-invariant presheaf with a map from F(—). The
Al-localisation functor L1 commutes with colimits.

Base change. Given a commutative ring R, an R-algebra S, and a scheme X over Spec(R), denote
by Xg the base change X Xgpec(r) Spec(S) of X from R to S. If X is a derived scheme, this base
change is implicitly the derived base change from R to S. We sometimes use the derived base even on
classical schemes, and say explicitly when we do so.

Bounded torsion. An abelian group A is said to have bounded torsion if there exists an integer
N > 1 such that the multiplication by N of every element of A is zero.

Given a commutative ring R and an element d of R, an R-module M is said to have bounded d-
power torsion if there exists an integer n > 1 such that M[d™] = M[d"] for all m > n; this assumption
guarantees that the derived d-completion of M is in degree zero, given by the classical d-completion
of M.

Cdh topology. The cdh topology is a Grothendieck topology introduced by Voevodsky [SV00, Voel0];
see [EHIK21] for the definition and properties of the cdh topology in the generality of qcgs schemes.
It is a completely decomposed version of the topology generated by Deligne’s hypercoverings. The cdh
sheafification functor L.qn preserves multiplicative structures.

Coefficients. Given a functor F/(—) (resp. Fil*F(—)) taking values in spectra (resp. filtered spectra)
and a prime number p, we denote the rationalisation of F(—) by F(—;Q), its reduction modulo p
by F(—;F,), its derived reduction modulo powers of p by F(—;Z /p*), its p-completion by F(—;Z,),
and the rationalisation of its p-completion by F(—;Q,). We adopt a similar notation for a functor
Fil* F(—) taking values in filtered spectra, e.g., we denote its rationalisation by Fil* F'(—; Q). Similarly,
if Z(i)¥' () is a functor taking values in the derived category D(Z), we denote the rationalisation of
Z(i)¥ (=) by Q(i)¥ (—), its derived reduction modulo p by F,(¢)¥'(—), etc. Following the same notation,
we also write

[ Fq,) = ( [1F(- Zp))Q <resp. [[ Frr(—q,) = ( []FiF(— Zp))Q).

pEP peP p€EP pEP

Derived categories and spectra. Denote by Sp the category of spectra. Given a commutative
ring R, denote by D(R) the derived category of R-modules; it is implicitly the derived co-category
of R-modules, and is in particular naturally identified with the category of R-linear spectra. Our
convention for degrees is by default cohomological. In this context, the notions of fibre and cofibre
sequences agree, and the fibre and cofibre of a given map satisfy the relation fib ~ cofib[—1]. Given
an element d of R, also denote by (—)/ the d-adic completion functor in the derived category D(R).

Extension by zero ji. Given a prime number p (which is typically clear from context) and a
scheme X, denote by 7 : X [%} — X the open immersion of the p-adic generic fibre of X, and by

K (X[%])ét — X the associated extension by zero functor.
Filtrations. By default, a filtration with values in a category C is a Z-indexed decreasing filtered

object in the category C, i.e., a functor from the category (Z,>)°P to the category C. A filtration is
called N-indexed if it is constant in non-positive degrees. Given a filtered object Fil* C and for each

11
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integer n € Z, let gr"™ C' € D(R) denote the cofibre of the transition map Fil"*' ¢ — Fil" C. A filtered
object Fil* C is said to be complete if the limit lim,, Fil” C vanishes. For instance, The Hodge filtration
on the de Rham complex is given for each n € Z by Filjj,q Q_ /g = QE?R; the Hodge filtration LQE’;R
on the derived de Rham complex LE2_ /r is defined as the left Kan extension of this filtration. It is
N-indexed, but not always complete. Its completion, the Hodge-completed derived de Rham complex,
is denoted by ﬁf;R.

Given a commutative ring R, denote by DF(R) := Fun((Z, >)°?, D(R)) the filtered derived category
of R-modules. Also denote by FilSp the category of filtered spectra, and by biFilSp the category of
bifiltered spectra (i.e., the category of filtered objects in the category of filtered spectra).

Henselian rings. Given a commutative ring R and an ideal I of R, the pair (R, I) is called henselian
if it satisfies Hensel’s lemma. A local ring R is called henselian if the pair (R, m) is henselian, where
m is the maximal ideal of R. Henselian local rings are the local rings for the Nisnevich topology. A
commutative ring R is called d-henselian, for d an element of R, if the pair (R, (d)) is henselian.

Ind-smooth schemes. Given a scheme S, a scheme X is called ind-smooth (resp. ind-regular,
ind-étale) over S if it is a cofiltered limit of smooth (resp. regular, étale) S-schemes.

Left Kan extensions. Given a commutative ring R, an oo-category D which admits sifted colimits
(e.g., D(R) or DF(R)), and a functor

F : Smp := {smooth R-algebras} — D,

define
LF: R-Alg— D

S +— colim F(P),
P—S

where the colimit is taken over all free R-algebras P mapping to S. The functor LF is called the left
Kan extension from polynomial R-algebras of I'. For instance, the cotangent complex L _ /R = LOY /R
is the left Kan extension from polynomial R-algebras of the module of Kihler differentials Q! , ., and
the derived de Rham complex LQ)_ /g is the left Kan extension from polynomial R-algebras of the
de Rham complex Q_,r. We also consider more general left Kan extensions (e.g., from smooth R-
algebras), which are defined similarly —see [EM23, Section 2.3 and Remark 3.4] for a quick review of
this formalism. The left Kan extension from a category C to a category C’, when this makes sense, is
denoted by Le/c-

Quasisyntomic rings. A morphism R — S of commutative rings is called p-discrete, for p a prime
number, if the derived tensor product S ®% R/p € D(R/p) is concentrated in degree zero, where it
is given by S/p. It is called p-flat if it is p-discrete and if its reduction R/p — S/p modulo p is
flat. It is called p-quasisyntomic if it is p-flat and if the cotangent complex L(g/,)/(r/p) € D(S/p) has
Tor-amplitude in [—1;0].

A commutative ring R is called p-quasisyntomic if it has bounded p-power torsion and if the complex
Lgr,/z ®% R/p € D(R/p) has Tor-amplitude in [—1;0]. Beware that p-quasisyntomic Z-algebras are
p-quasisyntomic rings, but the converse is not true: for instance, IF, is a p-quasisyntomic ring, but
the morphism Z — F, is not p-discrete. We refer to [BMS19] for the definition of the associated
p-quasisyntomic topology on p-quasisyntomic rings.

Rigid functor. A functor F(—) on commutative rings is called rigid if for every henselian pair (R, I),
the natural map F(R) — F(R/I) is an equivalence.

Rings and schemes. Quasi-compact quasi-separated (derived) schemes are called qcgs (derived)
schemes. These include all affine (derived) schemes, i.e., (animated) commutative rings. Denote
by Sch“®® the category of qcqs schemes, dSch¥°® the category of qcqs derived schemes, Rings the
category of commutative rings, AniRings the category of animated commutative rings. Schemes, resp.
commutative rings, are sometimes called classical to emphasize that we are not working in the generality

12
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of derived schemes, resp. animated commutative rings. Given a commutative base ring R, also denote
by Smp, the category of smooth schemes over Spec(R), Sch'® the category of finitely presented schemes
over Spec(R), Polyp the category of polynomial R-algebras, and E;-Ringsy the category of associative
R-linear ring spectra.

Sheafification. We use several Grothendieck topologies, including the Zariski, Nisnevich, étale, and
cdh topologies. Denote by Lzar, Lnis, Lst, and Legn the sheafification functors for these topologies.
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2 THE MOTIVIC FILTRATION ON TOPOLOGICAL CYCLIC HOMOLOGY

In this section, we introduce a motivic filtration on the topological cyclic homology of qcgs derived
schemes (Definition 2.30), whose shifted graded pieces Z(i)TC will serve as a building block for the
definition of the motivic complexes Z(i)™°* (Remark 3.20).

We first explain how to express topological cyclic homology in terms of its profinite completion and
of negative cyclic homology. Following [NS18], and given a qcqs derived scheme X and a prime num-
ber p, the p-completed topological cyclic homology TC(X;Z,) of X is constructed from its p-completed
topological negative cyclic homology TC™ (X;Z,) and its p-completed topological periodic cyclic ho-
mology TP(X;Z,) (see Section 2.2). Following [DGM13, Lemma 6.4.3.2] and [NS18, Section II.4], the
topological cyclic homology TC(X) of X is then defined by a natural cartesian square of spectra

TC(X) —— TC(X)

| |

[1,ep TC(X;Z,) —— [, TC™ (X Z,).

The comparison map THH(X) — HH(X), induced by extension of scalars along the map of E..-rings
THH(Z) — 7Z, is S'-equivariant, and for every integer n € Z, the kernel and cokernel of the induced
map on homotopy groups THH,, (X) — HH, (X) are killed by an integer depending only on n. In
particular, the natural commutative diagram

THH(X) — HH(X)

| |

[T,cp THH(X; Z,) — T,ep HH(X;Z,),

is a cartesian square of spectra, which in turn defines a natural cartesian square of spectra

TC(X) — HC™(X)

| |

HpG]P’ TC_(X’ZP) — HpG]P’ HC_<X7ZP)

by taking homotopy fixed points (f)hsl. Composing this cartesian square with the cartesian square
defining topological cyclic homology then induces a natural cartesian square

TC(X) —— HC (X)

| !

HpE]P’ TC(X7 ZP) — HpE]P H07 (X7 ZP)

We will use this cartesian square to define the motivic filtration on TC(X) (Definition 2.30), by glueing
existing filtrations on the three other terms; namely, the HKR and BMS filtrations.

2.1 The HKR filtrations

In this subsection, we review the HKR filtrations on Hochschild homology and its variants, as
defined, in the generality of qcgs derived schemes, by [Ant19] and [BL22, Section 6.3]. Only the
HKR filtration on negative cyclic homology HC™ (—) (Definition 2.4) will be used to define the motivic
filtration on topological cyclic homology TC(—) (Definition 2.30). We will use the other HKR filtrations
of this section in Section 4.

The following result is [BL22, Example 6.1.3 and Remarks 6.1.4 and 6.1.5].

14
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Proposition 2.1 (Tate filtration). Let X be a spectrum equipped with an S'-action. Then the Tate
construction X*S' € Sp is naturally equipped with a Z-indexed filtration

Fil; X'S" € FilSp.
This filtration is called the Tate filtration on thl, and satisfies the following properties:
(1) The filtration Filr*Fthl € FilSp is complete.

(2) Fil%th1 is the homotopy fized point spectrum Xhs! , which is thus also equipped with an N-indezed
complete filtration Filr*Fthl, which we call the Tate filtration on Xhs',

(3) For every integer n € Z, the graded piece gr%XtS1 is naturally identified with the spectrum X [—2n].

Following [BMS19, Section 5], a filtered spectrum Fil*X is called connective for the Beilinson
t-structure if for every integer i € Z, the graded piece gr'X € Sp is in cohomological degrees at most i.
For every integer i € Z, also denote by 72, the truncation functor for the Beilinson t-structure on
filtered spectra. -

Definition 2.2 (Décalage filtration). Let Fil*X € FilSp be a filtered spectrum. The décalage filtration
on Fil* X is the bifiltered spectrum
FilgFil* X € biFilSp

where, for every integer i € Z, FilligFil*X is the i-connective cover of Fil*X € FilSp with respect to
the Beilinson ¢-structure on the category of filtered spectra:

FilpFil* X = 78, Fil* X.
Construction 2.3 (HKR filtration on HP). For every integer i € Z, let
Filiyg Filt HP (=) := Lzar Laschacssor jpotyz» Filg FilT HP (<),

where Fil7HP(—) is the Tate filtration on periodic cyclic homology of qcqs derived schemes, Filg is
the décalage filtration of Definition 2.2, and the left Kan extension Lggchacascr /porycr s taken in the
category of filtration-complete filtered spectra. The HKR filtration on periodic cyclic homology of qcqs
derived schemes is the functor

Filjjxg HP(—) : dSch9°%°? —; FilSp
defined as the underlying filtered object of the bifiltered functor Filjj,p FilHP(—):
Filjjgr HP(—) := liHmnFilffIKRFil%HP(—).
The following definition is the one which will appear explicitly in the definition of the motivic
filtration on topological cyclic homology (Definition 2.30).

Definition 2.4 (HKR filtration on HC™). The HKR filtration on negative cyclic homology of qcqs
derived schemes is the functor

Filjjxr HC™ (=) : dSch9°®*°P — FilSp
defined as
Filjr HC™ (—) := Filjg Fil} HP(—).
The following definition is motivated by Proposition 2.1 (3).

Definition 2.5 (HKR filtration on HH). The HKR filtration on Hochschild homology of qcqs derived
schemes is the functor
Filjjgg HH(—) : dSch9°#*°P — FilSp

defined as
Filjjxg HH(—) := FiljjpertHP(—).
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Cyclic homology HC(—) is defined as the homotopy orbits HH(—),g: of the S*-action on Hochschild
homology HH(—), and is related to negative cyclic homology HC™ (—) and periodic cyclic homology
HP(—) by a natural fibre sequence

HC™ (-) — HP(—) — HC(-)[2].

Definition 2.6 (HKR filtration on HC). The HKR filtration on cyclic homology of qcqs derived
schemes is the functor
Filjjxr HC(—) : dSch®°4*°P — FilSp

defined, for every integer i € Z, by
Fill; n HC(—) := cofib (Filﬁ}lRHC’(—) — FiIQI%RHP(—)) =i
where the map on the right hand side is induced by Construction 2.3 and Definition 2.4.

Remark 2.7 (Graded pieces of the HKR filtrations). Let X be a qcqgs derived scheme. The main
result of [Ant19] describes the graded pieces of the HKR filtrations on HC™ (X)), HP(X), and HC(X)
in terms of the Hodge-completed derived de Rham cohomology of X. In particular, Definition 2.6
provides a filtered refinement of the fibre sequence

HC™ (-) — HP(-) — HC(-)[2],
which induces on graded pieces, for every integer i € Z, a natural fibre sequence
RI'z.. (X, }LQ_/Z)[Qz] — RI'z.: (X7 }LQ_/Z)[21] — RT'za: (X7 ]LQ_/Z)[21]

in the derived category D(Z).

Proposition 2.8 ([Ant19, BL22|). For every integer i € 7, the functor Filiygg HC(=), from animated
commutative rings to spectra, is left Kan extended from polynomial Z-algebras, commutes with filtered
colimits, and its values are in cohomological degrees at most —i.

Proof. On animated commutative rings, the Tate filtrations
Filj g FilyHC™ () and Filjfix Fil; HP(—)

are by definition left Kan extended, as complete filtered objects, from polynomial Z-algebras, thus
so is the Tate filtration FiljjgFilfHC(—). The Tate filtration FiljjxgFilfHC(—) is also finite by
construction, so the functor Filjgxg HC(—) is left Kan extended on animated commutative rings from
polynomial Z-algebras. In particular, the functor

Filjj g HC(—)

commutes with filtered colimits of animated commutative rings. For every integer j € Z, the j*® graded
piece of the filtration FiljjxgHC(—) is naturally identified with the functor RI'zs, (7,1[4932)[2]‘]

([Ant19]), whose values are in degrees at most —j on animated commutative rings. The filtration
Filjjxr HC(—) is moreover complete on animated commutative rings ([BL22, Remark 6.3.5]), hence
the desired connectivity result. O

Lemma 2.9 (Completeness of the HKR filtrations, after [BL22]). Let X be a gcqs derived scheme.
Then the HKR filtrations

FiljgrHP(X), FiljgrHC™ (X), FiljxrHH(X), and Filjjxg HC(X)
are complete.

Proof. The result for HC™ and HH is a direct consequence of [BL22, Remark 6.3.5]. The result for
HC is a consequence of the connectivity result of Proposition 2.8. By Definition 2.6, the result for HP
is then a consequence of the result for HC™ and HC. O
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Remark 2.10 (Variant over Q). Let X be a qcgs derived scheme. By the base change property for
Hochschild homology, the natural map

HH(X) ®7 Q — HH(Xg/ Q)

is an equivalence in the derived category D(Q), where HH(—/ Q) is Hochschild homology relative to Q.
Applying the functors (—)"S", (=)' and (—),g to this Hochschild homology relative to Q induces
relative variants HC™ (—q/ Q) of negative cyclic homology, HP(—g/ Q) of periodic cyclic homology,
and HC(—¢g/ Q) of cylic homology. One can then define similar HKR filtrations

Filiixr HH(Xg/ Q), FilxrHC™ (Xo/Q), FilxrHP(—q/Q), and Filjjxr HC(—q/ Q),
on these functors, whose graded pieces are versions of derived de Rham cohomology relative to Q.

To introduce and study the motivic filtration on topological cyclic homology (Definition 2.30), we
will need some p-complete variants of the previous HKR filtrations.

Definition 2.11 (HKR filtration on HC™ (—;Z,)). Let p be a prime number. The HKR filtration on
p-completed negative cyclic homology of qcqs derived schemes is the functor

Filly, g HC ™ (—;Z,) : dSch9°%°P — FilSp

defined as R
Remark 2.12. The HKR filtrations on HP(—;Z,), HC(—;Z,), and HH(—; Z,) of qcqgs derived schemes
are defined as in Definition 2.11, where HC™ (—;Z,) is replaced by HP(—), HC(—), or HH(—). In

particular, for every qcgs derived scheme X, Definition 2.6 induces a fibre sequence of filtered spectra
Filixr HC™ (X;Z,) — Filjxg HP(X;Z,) — FilI*_I}JRHC(X; Zy)[2).
Lemma 2.13. Let X be a qgcgs derived scheme. Then the filtrations

H Filigpr HP (X3 Zy), H Filigr HO™ (X3 Zp), H Filfxp HH(X; Zy),
p€EP p€eP pEP

and | [ FiljxrHC(X:Z,)
peP

are complete.

Proof. The collection of complete filtered spectra is closed under limits in the category of filtered
spectra, so this is a consequence of Lemma 2.9. O

Remark 2.14 (Exhaustivity of the HKR filtrations). The HKR filtrations Filjj g HC™ and Filfjxp HP
are not exhaustive on general qcqs derived schemes (|[BL22, Remark 6.3.6]). For the purpose of the
motivic filtration on algebraic K-theory (Definition 3.17), we will however only need the fact that the
HKR filtration Filjj,z HC is always N-indexed, and in particular exhaustive.

2.2 The BMS filtrations

Let p be a prime number. In this subsection, we review the BMS filtrations on p-completed
topological Hochschild homology THH(—;Z,,) and its variants, as defined in [BMS19] for p-complete
p-quasisyntomic rings, and generalised in [AMMN?22] to p-complete rings and in [BL22, Section 6.2]
to animated commutative rings. Only the BMS filtration on p-completed topological cyclic homology
TC(—;Z,) (Definition 2.20) will appear in the definition of the motivic filtration on topological cyclic
homology TC(—) (Definition 2.30). The other BMS filtrations are necessary to construct the BMS
filtration on p-completed topological cyclic homology TC(—;Z,).
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Construction 2.15 (BMS filtration on Fil; TP(—;Z,)). Topological Hochschild homology THH(—)
of qcqs derived schemes admits a natural S'-action, inducing a natural Tate filtration Fil; TP(—) on
topological periodic cyclic homology TP(—) := THH(f)ltsl (Proposition 2.1). The Tate filtration

Fil; TP(—; Z,) : dSch®°P — FilSp

is then defined as the p-completion of the Tate filtration Fil;TP(—). For every quasiregular semiper-
fectoid ring R and every integer i € Z, define the filtered spectrum

Filh\sFily TP(R; Z,) := 759, Fil5 TP(R; Z,).

The filtered object '
FilgygFilt TP(—; Z,) : dSch®“4®°P —; FilSp

is then first defined on p-quasisyntomic rings as the unique such functor satisfying p-complete faithfully
flat descent (the existence and unicity of such a functor is [BMS19, Proposition 4.31]). In general,
polynomial Z-algebras are p-quasisyntomic rings, and this filtered object is defined as the Zariski
sheafification of its left Kan extension from polynomial Z-algebras

FilgysFilf TP (=3 Z,) := Lzar LaniRings,/Poly, Filpys FiIlT TP(—; Zp),

where the left Kan extension is taken in the category of p-complete filtration-complete spectra. By
[BL22, Theorem 6.2.4], the resulting functor is still given by the double-speed Postnikov filtration on
quasiregular semiperfectoid rings and, as a functor from animated commutative rings to p-complete
filtration-complete spectra, commutes with sifted colimits and satisfies p-complete faithfully flat de-
scent.

Remark 2.16. The BMS filtrations were first defined in [BMS19] in the generality of p-complete
p-quasisyntomic rings. On general animated commutative rings R, the BMS filtrations, by construc-
tion, depend only on the p-completion of R —and in particular vanish on animated commutative
Z[%]—algebras. Here the p-completion is the derived p-completion, even on classical commutative rings.
On commutative rings with bounded p-power torsion (e.g., on p-quasisyntomic rings), the derived and

classical p-completions naturally coincide, and there is no conflict between the two definitions.

Definition 2.17 (BMS filtration on TP(—;Z,)). The BMS filtration on p-completed topological peri-
odic cyclic homology of qcqs derived schemes is the functor

Filly s TP(—; Z,) : dSch9°9®°P —; FilSp

defined as the underlying filtered object of the bifiltered functor FilgygFiltTP(—;Z,) of Construc-
tion 2.15:
Filg\sTP(—; Z,) := li_mmFilgMSFil%TP(—; Zy).

Topological negative cyclic homology is to topological periodic cyclic homology what negative cyclic
homology is to periodic cyclic homology. Given Definition 2.17, the following definition then mimics
Definition 2.4.

Definition 2.18 (BMS filtration on TC™(—;Z,)). The BMS filtration on p-completed topological
negative cyclic homology of qcgs derived schemes is the functor

FilfysTC™ (= Z,) : dSch9°9%°P — FilSp

defined as
Fili\s TC™ (= Z,) := FiljysFil} TP(—; Z,).

Similarly, topological Hochschild homology is to topological periodic and topological negative cyclic
homologies what Hochschild homology is to periodic and negative cyclic homologies, and the following
definition mimics Definition 2.5.
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Definition 2.19 (BMS filtration on THH(—;Z,)). The BMS filtration on p-completed topological
Hochschild homology of qcgs derived schemes is the functor

Filfyy THH(—; Z,) : dSch®%°P — FilSp

defined as
Filjy THH(=: Z,) = Filjyser} TP(—: Z,).

Topological cyclic homology is however not to topological periodic cyclic homology what cyclic
homology is to periodic cyclic homology. Following [NS18], it is rather defined, after p-completion, by

a fibre sequence
¢p—can

TC(—;Zp) — TC™ (—;Zyp) TP(—;Zy).

Unwinding the previous definitions, the map ¢, — can : TC™ (—;Z,) — TP(—;Z,) admits a unique
refinement as a filtered map

Definition 2.20 (BMS filtration on TC(—;Z,)). The BMS filtration on p-completed topological cyclic
homology of qcqs derived schemes is the functor

Filgys TC(—; Z,) : dSch°4™°P —; FilSp
defined as
Filgs TC(—; Z,) := fib (¢>p — can : Filys TC™ (=3 Z,) — Filly g TP(—; Zp)).

The BMS filtration on p-completed topological cyclic homology is always complete, as a consequence
of a connectivity result of [AMMN22]. We will need the following slightly more precise result when
studying the completeness of the motivic filtration on algebraic K-theory.

Lemma 2.21. Let X be a qcgs derived scheme. Then the filtrations 1], .p FilgysTC(X;Zy) and
(Hpe]P Fil*BMSTC(X;Zp))Q are complete. More precisely, for every integer i € Z, the values of the
presheaves [ cp Filh\sTC(—;Z,) and (Hpep Fills TC(—; Zp))(@ are in cohomological degrees at most
—i+ 1 on affine derived schemes.

Proof. The presheaves

[ FilinsTC(—:Z,) and ( [ FiliasTC(— Zp)>

peP peP Q

are Zariski sheaves by construction, so it suffices to prove the result for affine derived schemes X. Let
R be an animated commutative ring, and ¢ € Z be an integer. The spectrum FilpysTC(R;Z,) is in
cohomological degrees at most —i + 1 for every prime number p ([AMMN?22, Theorem 5.1]). Taking
the product over all primes p and rationalisation, this implies that the spectra Hpep Filgys TC(R; Zy)

and (Hpep Filh\s TC(R; Zp))Q are also in cohomological degrees at most —i + 1, which implies that

the associated filtrations are complete. O

Remark 2.22 (Exhaustivity of the BMS filtrations). The BMS filtrations FilgysTP(—;Z,) and
FilgymsTC™ (—;Zy) are not exhaustive on general qcqs derived schemes (|[BL22, Warning 6.2.7]). For
the purpose of the motivic filtration on algebraic K-theory (Definition 3.17), we will however only
need the fact that the BMS filtration Fil;sTC(—;Z,) is always N-indexed ([BMS19, proof of Propo-
sition 7.16]), and in particular exhaustive.

We refer to [BMS19, BS22, BL22] for the relation between prismatic cohomology and the graded
pieces of the BMS filtrations on TP(—;Z,), TC™(—;Z,), and THH(—;Z,). We only define here the
shifted graded pieces of the BMS filtration on TC(—;Z,), which are a version of syntomic cohomol-
ogy (see Remark 2.24), and which will serve as a building block for the p-adic motivic complexes
(Corollary 3.25).
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Definition 2.23 (BMS syntomic cohomology). For every integer i € Z, the syntomic complez
Z,(1)BMS (=) : dSch9°95°P — D(7Z)
is the functor defined as the shifted graded piece of the BMS filtration on TC(—;Z,):
Zp(i)BMS(_) = grpms TC(—; Zyp)[—2i].

Remark 2.24. Syntomic cohomology Z, (i)™ (X) of qcgs derived (formal) schemes X is defined in
[BL22, Section 8.4] (see also Notation 5.7), in terms of the syntomic complexes of Definition 2.23 and
of étale cohomology. From this perspective, the syntomic complexes Z,(i)BM5(X) of Definition 2.23
correspond to the syntomic cohomology Z,(7)*™(X) of the derived p-adic formal scheme X associated
to X.

Theorem 2.25. (1) ([BMS19, BL22]) The functor FilgysTC(—;Z,), viewed as a functor from
p-quasisyntomic rings to p-complete filtered spectra, satisfies descent for the p-quasisyntomic

topology.

(2) ([AMMNZ22, BL22|) The functor FilgysTC(—;Z,), viewed as a functor from animated commu-
tative rings to p-complete filtered spectra, is left Kan extended from polynomial Z-algebras.

Proof. (1) The filtration FilgsTC(—;Z,) is complete on p-quasisyntomic rings (Lemma 2.21), so it
suffices to prove the result on graded pieces. The result on graded pieces is a special case of [BL22,
Proposition 7.4.7].

(2) By [AMMN22, Theorem 5.1(2)], the functor Filj,sTC(—;Z,), viewed as a functor from
p-complete animated commutative rings to p-complete filtered spectra, is left Kan extended from
p-complete polynomial Z-algebras.? Let R be an animated commutative ring, and R;\ be its (derived)
p-completion. The natural map

Filg\sTC(R; Zy,) — Fil*BMSTC(R;\; Zy)
is an equivalence of filtered spectra. Indeed, the filtrations
FilgusTC(R;Z,)  and Fil*BMSTC(RQ;Zp)

are N-indexed and complete (Lemma 2.21 and Remark 2.22), so it suffices to prove the result on graded
pieces, where this is a direct consequence of [BL22, Corollary 7.4.11]. This implies the desired left Kan
extension property. O

Corollary 2.26. Let i € Z be an integer.

(1) The functor Z,(i)BM3(=), viewed as a functor from p-quasisyntomic rings to p-complete objects
in the derived category D(Z), satisfies descent for the p-quasisyntomic topology.

(2) The functor Z,(i)BMS (), viewed as a functor from animated commutative rings to p-complete
objects in the derived category D(7Z), is left Kan extended from polynomial Z-algebras.

Proof. (1) was already part of the proof of Theorem 2.25 (1).
(2) is a direct consequence of Theorem 2.25 (2). O

Theorem 2.27 ([AMMN22]). Let (A,I) be a henselian pair of commutative rings. Then for any
integers i > 0 and k > 1, the fibre of the natural map

Z [p" ()M (A) — Z /p* (i) PN (A/T)

in the derived category D(Z /p*) is in degrees at most 1.

2More precisely, it is proved to be left Kan extended from p-complete polynomial Z-algebras to p-complete
p-quasisyntomic rings. By definition, p-quasisyntomic rings have bounded p-power torsion. Hence, their derived and
classical p-completions are naturally identified, and the left Kan extension to p-complete animated commutative rings
agrees with the left Kan extension to p-complete classical rings on p-complete p-quasisyntomic rings.
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Proof. By |[AMMN22, Theorem 5.2|, for every henselian pair (A, I) such that the commutative rings
A and A/I are (classically) p-complete, the fibre of the natural map

Z [p"(0)PMP(A) — Z /p"(0)PM (A/)

is in degrees at most . The proof of [AMMN22, Theorem 5.2] proves more generally that for (A4, 1) a
general henselian pair of commutative rings, the fibre of the natural map

Z [p" ()M (AD) — Z [t ()M ((A) D))

where (—);) is the derived p-completion, is in degrees at most i. By [BL22, Corollary 7.4.11] (see also the
proof of Theorem 2.25 (2)), the natural map Z /p*(i)®M5 (=) — Z /p*(i)BM5((—))) is an equivalence
on animated commutative rings, hence for every henselian pair (A4, I) of commutative rings, the fibre
of the natural map

Z [p"(0)PME(A) — Z /p"(0)PMP(A/)

is in degrees at most i. O

2.3 The motivic filtration on TC

In this subsection, we introduce the motivic filtration on topological cyclic homology TC(—) of
general qcgs derived schemes (Definition 2.30).
The following proposition is [BL22, Proposition 6.4.1].

Proposition 2.28 ([BL22|). Let p be a prime number. The map
Fil3TP(—;Z,) — FilyHP(—; Z,),

viewed as a map of filtered spectra-valued presheaves on the category of qcqs derived schemes, admits
a unique, multiplicative extension to a map of bifiltered presheaves of spectra

Filly s Fils TP (—; Z,,) — Filfgp FilsHP (= Z,).

Construction 2.29 (BMS-HKR comparison map). Let p be a prime number. The BMS-HKR com-
parison map is the map
of functors from (the opposite category of) qcgs derived schemes to the category of filtered spectra
defined as the composite

Filgys TC(—;Zy,) — FilgysTC™ (—;Zy) — FiliggHC™ (— Z,)

of the maps given by Definition 2.20, and Proposition 2.28 after restricting to the zeroth step of the
Tate filtration.

Definition 2.30 (Motivic filtration on TC). The motivic filtration on topological cyclic homology of
qcgs derived schemes

Fil% .

TC(—) : dSch™®°P _ FilSp

is the functor defined by the cartesian square

Fil*,,, TC(-) —— Filig HC™ ()

mot

! |

HpGP Filgys TC(—Zp) —— Hpe]p Filigp HC™ (= Zp),
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where the bottom horizontal map is the map of Construction 2.29, and the right vertical map is
profinite completion. For every integer ¢ € Z, also define the functor

Z(i)TC(~) : dSch¥®°P ., D(7)3
as the shifted graded piece of this motivic filtration:

Z(i)* (=) = glimet TC(—)[~2d].
Remark 2.31 (Comparison to [EM23]). For every qcqs derived scheme X over Q, the filtered spec-
trum Filjjr HC™ (X) is Q-linear by construction, so its profinite completion vanishes. The filtration
[ cp Filius TC(X; Zy) also vanishes (Remark 2.16), and the natural map
Fil;;

mot

TC(X) — FilgrHC™ (X/ Q)

is then an equivalence of filtered spectra.

Similarly, for every prime number p and every qcgs derived scheme X over I, the filtered spectrum
FiljxrHC™ (X) is Z-linear and p-complete, so it is naturally identified with its profinite completion.
Again using Remark 2.16, the natural map

Fil*

mot

TC(X) — FilgsTC(X;Zy)
is then an equivalence of filtered spectra.

Remark 2.32 (Comparison to [BL22]). In [BL22, Section 6.4], Bhatt-Lurie define filtered spectra
Fil; .« TP(X) and Fil; ,TC™(X) for qcqs derived schemes X, with shifted graded pieces called the

mot mot
~gl gl
global prismatic complexes Ai {i} and /\/'Z%i {i} respectively. These filtrations can be used to obtain

an alternative definition of the Fil, . TC(X) of Definition 2.30. More precisely, for every prime num-

ber p the p-completion of Bhatt—Lurie’s filtration Fil}, TP (X) is the filtration FilgysTP(X;Z,) of
Definition 2.17, and there is a natural fibre sequence

Fil? .

TC(X) — Fil}

mot

TC™(X) — | ] Filjus TP (X; Z))
peP

of filtered spectra. In particular, for every integer i € Z, this induces a natural fibre sequence

) TO(X) — N2y (i} — [ bpli}

peP

in the derived category D(Z), where A x,p denotes the p-adic absolute prismatic cohomology of X.
Proposition 2.33. Let X be a qcgs derived scheme, and p be a prime number. Then the natural map

Fil} . TC(X;Z,) — FilgsTC(X; Zy)
is an equivalence of filtered spectra.

Proof. By definition, the natural map

Filjg HC™ (X) — [ Filiikg HC™ (X3 Zy)
LeP

in Definition 2.30 is profinite completion, so its fibre becomes zero after p-completion. O

3Every value of the functor Z(i)T€(—) has a natural module structure over the Eoo-ring Z(0)TC(Z), which, by
unwinding the definition, is naturally identified with the Eoo-ring H Z. This implies that the spectra-valued functor
7(i)TC (=) takes values in H Z-linear spectra, i.e., in the derived category D(Z).
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Corollary 2.34. Let X be a qcqs derived scheme, and p be a prime number. Then the natural map
Z, ()" (X) — Z, ()P (x)
is an equivalence in the derived category D(Zy).
Proof. This is a direct consequence of Proposition 2.33. O
Proposition 2.35. Let X be a qcgs derived scheme. Then the filtrations
Fil,

mot

TC(X) and Fil;, . TC(X;Q)
are complete.

Proof. The filtrations Filjjg HC™ (X), [ [ cp Filiikr HC™ (X;Zy), and [ [ ,cp Filis TC(X; Z,) are com-
plete by Lemmas 2.9, 2.13, and 2.21 respectively. By Definition 2.30, the filtration Fil; TC(X) is
then complete, as a pullback of three complete filtrations. To prove that the filtration Fil},  TC(X;Q)
is complete, consider the cartesian square of filtered spectra

FilX . TC(X;Q) Filjjxr HC™ (X;Q)

mot

l l

(TMyer Filis TO(X:Zy)) | —— (s Filincn HC™ (X:2,))

induced by taking the rationalisation of Definition 2.30. The filtration

( H FﬂEMSTC(X§ Zp))@
peP

is complete by Lemma 2.21. The fibre of the natural map

Filip HC™ (X) — [ [ Filiieg HC™ (X Z,)
peP

is complete as an object of the filtered derived category DF(Z) (Lemmas 2.9 and 4.25), and is zero
modulo p for every prime number p by construction. In particular, it is naturally identified with the
fibre of the natural map

Filiucn HO™ (X:Q) — ([ Filiu HO™ (X:2,)) .
peP

which is thus complete as an object of the filtered derived category DF(Q). This implies, by the
previous cartesian square, that the filtration Fil}, , TC(X;Q) is also complete. O

mot

Remark 2.36 (Exhaustivity of the motivic filtration on TC). The motivic filtration Fil} ,TC is not
exhaustive on general qcgs derived scheme. Although this will not be necessary to prove that the
motivic filtration on algebraic K-theory is exhaustive (Proposition 4.47), one can prove, using [Ant19,
Lemma 4.10] and its proof, that if X is a quasi-lci Z-scheme,* then the motivic filtration Fil}, , TC(X)

is exhaustive.
Proposition 2.37. For every integer i € Z, the presheaf
Fil!

mot

TC(-) : dSch®° — Sp

is an étale sheaf.

4By this, we mean that Zariski-locally on the qcqs scheme X, the cotangent complex L_,z has Tor-amplitude
in [-1;0].
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Proof. By Definition 2.30, it suffices to prove that the presheaves

I Filbnis TC(=: Z,), FiliygHC™ (—), and [ [ Filiyg HC™ (—; Zp)
p€EP peP

are étale sheaves. A product of sheaves is a sheaf, and these BMS and HKR filtrations are complete
(Lemmas 2.21, 2.9, and 2.13). It then suffices to prove that for every prime number p, the presheaves

—~ > —~ >4
Zp(i)PM3 (=), RUza (=, L7, 5), and RTza:(—, (LQZ,4)))

are étale sheaves. The statement for Z,(i)®M5(—) is a consequence of p-fpqc descent ([BL22, Proposi-
tion 7.4.7]). The statement for the other two presheaves reduces to the fpgc descent for the powers of
the cotangent complex ([BMS19, Theorem 3.1]). O

Corollary 2.38. For every integer i € Z, the presheaf
7,(i)TC (=) : dSche-°P _; D(7)
is an étale sheaf.

Proof. This is a direct consequence of Proposition 2.37. O

2.4 The motivic filtration on L.q, TC

In this subsection, we introduce the motivic filtration on the cdh sheafification of topological cyclic
homology of general qcgs schemes (Definition 2.39).

Definition 2.39 (Motivic filtration on L.qn,TC). The motivic filtration on cdh sheafified topological
cyclic homology of qcgs schemes

Fil’, . Lean TC(—) : Sch9°95°P _; FilSp

is the functor defined as the cdh sheafification of the motivic filtration on topological cyclic homology
(Definition 2.30)
FﬂfnotLthTC(f) = (Lcthil* TC)(*)

mot

Remark 2.40 (Graded pieces of Fil}, , LcanTC). Let X be a qcgs scheme. For every integer i € Z,
the canonical map '
(Lean Z(3) ") (X) — gringr Lean TC(R)[—2i]

is an equivalence in the derived category D(Z). We will usually refer to these shifted graded pieces by
the complexes (Lean Z(1)T9)(X).

Remark 2.41 (Completeness of Fil}, ; Lcqn TC). It is not clear a priori that the filtered spectrum
Fily o+ Lean TC(X) is complete, even for gcgs schemes of finite valuative dimension. Modulo any prime
number p, this is a consequence of the connectivity bound [AMMN22, Theorem 5.1 (1)] and [EHIK21,
Theorem 2.4.15]. The integral statement will be a consequence of certain cdh descent results in
Section 4.

Remark 2.42 (Exhaustivity of Fil} . LcqnTC). The filtration Fil% . L.qn TC is not exhaustive on

general qcgs derived schemes. We will prove however, in Section 4, that the fibre of the natural map
Fil} ., TC — Fil} . Lcqn TC is N-indexed, and in particular exhaustive.

mot mot
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3 DEFINITION OF MOTIVIC COHOMOLOGY

In this section, we introduce motivic cohomology of general quasi-compact quasi-separated derived
schemes (Definition 3.19) and establish some of the fundamental properties of the associated motivic
filtration.

3.1 Classical motivic cohomology

In this subsection, we review the classical definition of motivic cohomology of smooth schemes in
mixed characteristic. Following [Blo86, Lev01, Gei04], the motivic cohomology of smooth Z-schemes
X is classically defined in terms of Bloch’s cycle complexes z%(X, o). Recall that Bloch’s cycle complex
is a simplicial abelian group defined in terms of algebraic cycles. The homotopy groups of Bloch’s
cycle complexes, called Bloch’s higher Chow groups, are a generalisation of Chow groups that are
designed to generalise the relation between the Ky and the Chow groups of a quasi-projective variety
to higher K-groups. Via the Dold—Kan correspondence, we view Bloch’s cycle complexes as objects of
the derived category D(Z).

Definition 3.1 (Classical motivic cohomology of smooth schemes). Let B be a field or a mixed
characteristic Dedekind domain (e.g., B = Z), and X be a smooth B-scheme. For any integer i € Z,
the classical motivic complex

Z(i)**(X) € D(2)

is the shift of Bloch’s cycle complex 2% (X, e):
Z(H) (X)) = 21 (X, 0)[-2i],

where e is the cohomological index.

Note that, by construction, the classical motivic complexes Z (7)1

and in all degrees for weights ¢ < 0.
In the following definition, we use the slice filtration in stable homotopy theory, as introduced by
Voevodsky [Voe02a, Voe02b, BH21].

Definition 3.2 (Motivic filtration on K-theory of smooth schemes). Let B be a field or a mixed
characteristic Dedekind domain. The classical motivic filtration on algebraic K-theory of smooth
B-schemes is the functor

vanish in degrees more than 23,

Fil};,K(—-) : Sm% — FilSp

defined as the image, via the mapping spectrum construction w* : SH(B) — PSh(Smp, Sp), of the
slice filtration f*KGL on the K-theory motivic spectrum KGL € SH(B).

Remark 3.3. The pullback of algebraic cycles being well-defined only along flat maps, it is not
straightforward to prove that the classical motivic complexes Z(i)® of Definition 3.1 are functorial.
Over a field, Voevodsky overcomes this technicality by proving that Bloch’s cycle complexes are repre-
sented in SH by the zeroth slice of the K-theory motivic spectrum KGL. Over a mixed characteristic
Dedekind domain, this identification is proved by Bachmann [Bac22|. In particular, this means that
Bloch’s cycle complexes z(—,e), when seen as a construction taking values in the derived category
D(Z), is indeed functorial, and multiplicative. In terms of Definitions 3.1 and 3.2, this implies that for
every integer i € Z, there is an equivalence of D(Z)-valued® functors

Z(1) (=) = gra.K(—)[-2d].

Example 3.4 (Weight zero classical motivic cohomology). For every smooth scheme X over a field
or a mixed characteristic Dedekind domain, there is a natural equivalence

Z(0)%(X) ~ RI'z4:(X, Z)
in the derived category D(Z) ([Spil8, Proposition 6.1]).

SEvery value of the functor gr, K(—)[—2i] has a natural module structure over the Eoo-ring gr%, K(Z), which, by
[Spil8, Proposition 6.1] and [Bac22], is naturally identified with the Eco-ring H Z. This implies that the spectra-valued
functor gr, K(—)[—2i] takes values in H Z-linear spectra, i.e., in the derived category D(Z).

cla
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Example 3.5 (Weight one classical motivic cohomology). For every smooth scheme X over a field or
a mixed characteristic Dedekind domain, there is a natural equivalence

Z(l)Cla(X) ~ RFZar(Xa Gm)[_l]

in the derived category D(Z) ([Spil8, Theorem 7.10]). In particular, the complex Z(1)“2(X) is con-
centrated in degrees one and two, where it is given by

HY (Z(1)"*(X)) =2 O(X)* and H*(Z(1)"*(X)) = Pic(X).

3.2 The cdh-local motivic filtration

Following [BEM], we review in this subsection the cdh-local motivic filtration on homotopy K-theory
KH(—) of qcgs schemes (Definition 3.10), whose shifted graded pieces Z(i)°‘" will serve as a building
block for the definition of the motivic complexes Z(i)™°* (Remark 3.20). We first define the lisse
motivic complexes Z (i)' as an intermediate construction, and as a practical tool for later sections.

The following definition is motivated by the observation of Bhatt—Lurie that connective algebraic
K-theory K®""(—) is left Kan extended on animated commutative rings from smooth Z-algebras
[EHK*20, Proposition A.0.4].

Definition 3.6 (Motivic filtration on connective K-theory of animated rings). The motivic filtration
on connective algebraic K-theory of animated commutative rings is the functor

Filji o K" (=) : AniRings — FilSp

defined as the left Kan extension of the classical motivic filtration on algebraic K-theory of smooth
Z-algebras

Filji . K™ (=) := (LaniRings/Sm; Fila K) (—)-

Note that connective algebraic K-theory is not a Zariski sheaf on commutative rings. Most of our
results on the following lisse motivic complexes Z(3)"55¢ will be formulated in the generality of local
rings.

Definition 3.7 (Lisse motivic cohomology of animated rings). For any integer i € Z, the lisse motivic
complex .
Z(i)"%°(—) : AniRings — D(Z)

is the shifted graded piece of the motivic filtration of Definition 3.6:
Z(i)"™° (=) = griisee K" (=) [~ 21].

Note that the lisse motivic complexes Z(i)1%¢ are the left Kan extension of the classical motivic
complexes Z(i)'®, and in particular vanish in weights i < 0.

Example 3.8 (Weight zero lisse motivic cohomology). For every local ring R, there is a natural

equivalence .
Z(0)'(R) ~ Z[]

in the derived category D(Z). This is a consequence of Example 3.4, by using that the functor
Z(0)lsse(—) is left Kan extended on local rings from its restriction to local essentially smooth Z-algebras.

Example 3.9 (Weight one lisse motivic cohomology). For every commutative ring R, there is a natural

equivalence .
Z(l)hsse (R) ~ (TSlRFZar(R7 Gm)) [_1]

in the derived category D(Z). In particular, the complex Z(1)1%¢(R) € D(Z) is concentrated in degrees
one and two, where it is given by

Hl (Z(l)lisse (R))

1%

O(R)* and H?*(Z(1)"°(R)) = Pic(R).
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This is a consequence of Example 3.5, by using that the left Kan extension of a functor taking values
in degrees at most two takes values in degrees at most two, and that the functor TSlRFZar(—7Gm)
on commutative rings is left Kan extended from its restriction to smooth Z-algebras. Here the latter
left Kan extension property is a consequence of the same left Kan extension property for the functors
Gm(—) (which is a special case of Mathew’s criterion [EHK 20, Proposition A.0.4]) and Pic(—) (which
is a consequence of rigidity, see [EM23, Lemma 7.6]).

Definition 3.10 (Cdh-local motivic filtration on K H-theory of schemes). The cdh-local motivic fil-
tration on homotopy K -theory of qcgs schemes is the functor

Fil%,,, KH(—) : Sch4%°" — FilSp
defined as
Fil5, KH(—) := (LcthilfisseKm““)(—) = (Lcdthchchs‘op/szpFil(*ﬂaK)(—).

Remark 3.11. By construction of the cdh-local motivic filtration (Definition 3.10), there is a natural
comparison map of presheaves

Fily, K(—) — Fily;, KH(—)
on smooth Z-schemes.

Definition 3.12 (Cdh-local motivic cohomology of schemes). For any integer i € Z, the cdh-local
motivic complex

Z,(i)°h (=) : Schi¢4°P _, D(7)
is the shifted graded piece of the motivic filtration of Definition 3.10:
(i) (=) = greqnKH(=)[-24].

Although we will refer throughout the text to [BEM] for the properties of these cdh-local motivic
complexes Z(i)°d", we already mention the following result, as it will play an important role to establish
the completeness of the motivic filtration on algebraic K-theory.

Proposition 3.13 (Completeness of the cdh-local motivic filtration, after [BEM]). Let d > 0 be an
integer, and X be a qcgs scheme of valuative dimension at most d. Then for every integer i € Z,
the spectrum FilidhKH(X) is in cohomological degrees at most —i + d. In particular, the filtration
Fils,, KH(X), and its rationalisation Fils,, KH(X;Q), are complete.

3.3 Definition of motivic cohomology

In this subsection, we introduce the motivic filtration on algebraic K-theory of qcqs derived schemes
(Definitions 3.17 and 3.18), by constructing a filtered extension of the cartesian square of Theorem 1.1.
To do so, we first define a filtered cdh-local cyclotomic trace map Fil’y, KH(—) — Fil  Lean TC(—)
(Construction 3.16).

Theorem 3.14 (Filtered cyclotomic trace in the smooth case). The cyclotomic trace map
K(=) — TC(-),

viewed as a map of spectra-valued presheaves on the category of smooth Z-schemes, admits a unique,
multiplicative extension to a map

Fil5,K(—) — Fil};, ., TC(—)

of filtered presheaves of spectra.
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Proof. By Definition 2.30, the natural cartesian square

TC(-) — 5 HC(—)

| |

[Tpep TC(—5Zp) — Tl,ep HC™ (7Zy)
admits a multiplicative filtered extension

Fil ¢

TC(—-) ————— FiljjgrHC ™ (—)

! !

HpE]P FilgysTC(— Zy) — HpG]P’ Filjjc g HC™ (= Zp)
on qcqs derived schemes. Let p be a prime number. It then suffices to prove that the natural maps
K(=) — HC™ (=), K(=) — HC™(—Zp), and K(—) — TC(—;Zy),

viewed as maps of spectra-valued presheaves on the category of smooth Z-schemes, admit unique
multiplicative filtered extensions to maps of filtered presheaves of spectra

Fil},K(—) — FiljjggHC™ (-), Fil},K(—) — FiljxgHC™ (—;Z,), and

Filg, K(—) — Filgg TC(—; Zp)

respectively.

The proof of [EM23, Proposition 4.6], which is stated over a quasismooth map of commutative
rings kg — k such that k is a field, applies readily to the case where kg = k = Z. More precisely,
we use in this proof the Gersten conjecture for classical motivic cohomology on smooth Z-schemes,
which is [Gei04, Theorem 1.1]. In particular, the natural map K(—) — HC™ (—), viewed as a map of
spectra-valued presheaves on the category of smooth Z-schemes, admits a unique multiplicative filtered
extension to a map of filtered presheaves of spectra Fil}j, K(—) — Filjjxg HC™ (—).

Similarly, the p-completed cotangent complex (Lp /Z)Q of a smooth Z-algebra R is concentrated
in degree zero, given by the p-flat R-module (Q}%/Z)Z’j\. So for every integer i € Z, this implies that
the object gri; gk HC™ (R;Z,) € D(Z) is in cohomological degrees less than —i. The proof of [EM23,
Proposition 4.6] then adapts readily to prove that the natural map K(—) — HC™ (—;Z,), viewed as a
map of spectra-valued presheaves on the category of smooth Z-schemes, admits a unique multiplicative
extension to a map of filtered presheaves of spectra Fil}), K(—) — Filjjxg HC™ (—;Z)).

Finally, the natural map K(—) — TC(—;Z,), viewed as a map of spectra-valued presheaves on the
category of smooth Z-schemes, admits a unique multiplicative extension to a map of filtered presheaves
of spectra Fil},K(—) — FilgysTC(—;Z,), by [AHI24, Proposition 6.12]. O

Remark 3.15. For every prime number p, the BMS filtration Filj;gTC(—;Z,) is determined by its
p-quasisyntomic-local values (Theorem 2.25). By the proof of [AHI24, Lemma 6.10], the p-completed
left Kan extension of the functor Fil’,K(—), from smooth Z-algebras to p-quasisyntomic rings, is
p-quasisyntomic-locally identified, via the map induced by [AHI24, Proposition 6.12], with the functor
FilgsTC(—;Z,). In particular, one can reconstruct the BMS filtration FilgysTC(—;Z,) on qegs
derived schemes (Definition 2.20) from the classical motivic filtration Fil}j, K(—) on smooth Z-schemes
(Definition 3.2). This will be used in Section 4 to construct Adams operations on the BMS filtration
Filjys TC(—: Z,).

Construction 3.16 (Filtered cdh-local cyclotomic trace). The filtered cdh-local cyclotomic trace map
is the map
FilZ, KH(—) — Fil}, o Lean TC(—)
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of functors from (the opposite category of) qcgs schemes to the category of multiplicative filtered
spectra defined as the cdh sheafification of the composite

(Lscnacas.or jsmer Fili, K) (=) — (Lsapacas.or jsmzr Filio TC) (=) — Filf,, TC(-),

where the first map is the map induced by Theorem 3.14 and the second map is the canonical map.
Note here that sheafification is a multiplicative operation, and that the compatibility between left Kan
extension and multiplicative structures is ensured by [Lurl7, Corollary 3.2.3.2] (see also [EM23, 2.3.2]).

Definition 3.17 (Motivic filtration on K-theory of schemes). The motivic filtration on non-connective
algebraic K -theory of qcqs schemes is the functor

Fil’,, K(—) : Sch9°%°P _ FilSp

mot

defined by the cartesian square of functors of multiplicative filtered spectra

Fﬂ;lot K(i) — Fll:notTC(i)

l l

Fil*,, KH(—) — Fil’,, Lean TC(—),

mot

where the bottom horizontal map is the map of Construction 3.16, and the right vertical map is cdh
sheafification.

Definition 3.18 (Motivic filtration on K-theory of derived schemes). The motivic filtration on non-

connective algebraic K -theory of qcgs derived schemes is the functor
Fil}, . K(—) : dSch9°%°P — FilSp

mot

defined by the cartesian square of functors of multiplicative filtered spectra
FilY K(—) ——— Fil}

mot motTC(_)

| |

FilL, oK (mo(=)) — Fil, o TC(mo(-))
where mo(—) : dSch — Sch is restriction to the classical locus, the filtration on K(mo(—)) is given by
Definition 3.17, and the filtrations on TC(—) and TC(mo(—)) are given by Definition 2.30.
Definition 3.19 (Motivic cohomology of derived schemes). For any integer ¢ € Z, the motivic complex
Z(i)™°" : dSch¥°4°P s D(7)
is the shifted graded piece of the motivic filtration of Definition 3.18:
Z(i)™*(=) = gt K(—)[~2d].
For every qcqgs derived scheme X, also denote by
o0 (X Z(1)) := H"(Z(1)™*" (X)) n€eZ
the motivic cohomology groups of X.
Remark 3.20 (Motivic cohomology of schemes). Let X be a qcgs scheme, and ¢ € Z be an integer.

By Definition 3.18, there is a natural cartesian square

Z (i)™ N (X) —— Z(i)TY(X)

| |

Z(i)*™(X) —— (Lean Z(i) ') (X)
in the derived category D(Z), where the bottom horizontal map is induced by Construction 3.16 and

the right vertical map is cdh sheafification. This cartesian square can serve as a definition for the
motivic cohomology of the scheme X.
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We now construct, for later use, a comparison map from classical motivic cohomology to the motivic
cohomology of Definition 3.19.

Definition 3.21 (Filtered classical-motivic comparison map). The filtered classical-motivic compari-
son map is the map of presheaves

Filf,, K(—) — Fil%, . K(—)

mot

on smooth Z-schemes induced by the maps Remark 3.11 and Theorem 3.14. Note here that the
compatibility between these two maps and Definition 3.17 is automatic by Construction 3.16.

Definition 3.22 (Classical-motivic comparison map). For any integer i € Z, the classical-motivic
comparison map is the map of D(Z)-valued presheaves

Z(i)™ (=) — L) (-)

th

on smooth Z-schemes induced by taking the ¢*" shifted graded piece of the filtered map of Defini-

tion 3.21.
In the rest of this section, we discuss some of the first properties of the motivic filtration.

Remark 3.23 (Comparison to cdh-local motivic cohomology). By construction (Definition 3.10), the
cdh-local motivic complex
Z,(i)° ; Scha4:°P _, D(7)

is a cdh sheaf, so the common fibre of the horizontal maps in the cartesian square of Remark 3.20 is
also a cdh sheaf. In particular, for every qcgs scheme X, the left vertical map of this cartesian square
exhibits cdh-local motivic cohomology as the cdh sheafification of motivic cohomology:

Z(i)*™(X) = (Lean Z(3)™") (X).

Proposition 3.24. Let X be a gcqs scheme, and p be a prime number. Then for every integer k > 1,
there is a natural cartesian square

Fil* .

K(X;Z /p¥) ——— FilgysTC(X;Z /p)
Fil, KH(X; Z /p*) —— Filfyis Lean TC(X;Z /p")
of filtered spectra.
Proof. This is a consequence of Proposition 2.33 and Definition 3.18. O

Corollary 3.25. Let X be a qcqs scheme, and p be a prime number. Then for any integers i € Z and
k > 1, there is natural cartesian square

Z [p*(i) N (X) ——— Z /p*(i)PM(X)

!

Z [p*(i) (X)) —— (Lean Z /p"())PM%) (X)

in the derived category D(Z [p*).

Proof. This is a direct consequence of Proposition 3.24. O

Remark 3.26 (/-adic motivic cohomology). For any prime number p and integer k > 1, the filtered

presheaf Filjyys TC(—;Z /p*) and its cdh sheafification vanish on qcgs Z[}]-schemes. In particular,
Proposition 3.24 implies that for every qcqgs Z[%]—scheme X, the natural map
Fil}, o K(X3Z /p") — Fil{ KH(X; Z /p")

is an equivalence of filtered spectra.
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Remark 3.27 (Completeness and exhaustivity of Fily ,K). The filtration Fil} ,K(X) of Defini-
tion 3.18 will be proved to be N-indexed, hence exhaustive, on general qcqs derived schemes X
(Proposition 4.47), and complete on qcgs schemes of finite valuative dimension (Proposition 4.50).
Note that these results can already be proved modulo any prime number p, as a formal consequence

of Proposition 3.24 and Section 2.

The following result is a filtered version of the classical Dundas—Goodwillie-McCarthy theorem
([IDGM13, Theorem 7.0.0.2]).

Proposition 3.28. Let A — B be a map of animated commutative rings such that the induced map
mo(A) = mo(B) of commutative rings is surjective with finitely generated nilpotent kernel. Then the
natural commutative diagram

Fil® K(A) —— Fily ,TC(A)

l |

K(B) — Fil,,, TC(B)

Fil mot

*
mot
is a cartesian square of filtered spectra.

Proof. By Definition 3.18, it suffices to prove that the natural commutative diagram

Fil} .« K(mo(A4)) —— Fil;, . TC(mo(A))

| |

K (m0(B)) —— Fil%, , TC(mo(B))

Fil* ot

mot

is a cartesian square of filtered spectra. For every cdh sheaf F' defined on qcgs schemes, the natural
map F(mo(A)) — F(m(B)) is an equivalence. The result is then a consequence of Definition 3.17. O
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4 RATIONAL STRUCTURE OF MOTIVIC COHOMOLOGY

In this section, we prove some fundamental properties of the motivic filtration that we introduced
in the previous section: namely, that it is always exhaustive and finitary, and complete on schemes of
finite valuative dimension. These properties modulo a prime number p are a formal consequence of
the analogous properties for the BMS filtration on p-completed topological cyclic homology. Proving
these results integrally will however require more understanding of the rational part of this motivic
filtration. Our two main results on rational motivic cohomology are as follows.

The first main result is the following generalisation of the rational splitting of the classical motivic
filtration.

Theorem 4.1 (The motivic filtration is rationally split). Let X be a qcgs derived scheme. Then there
exists a natural multiplicative equivalence of filtered spectra

Fill, o K(X; Q) ~ @ Q)™ (X)[24)-

>

As for the classical motivic filtration, this splitting is induced by suitable Adams operations, which
we construct in the generality of qcqs derived schemes in the first section.

This result is however not enough to prove the exhaustivity, completeness, or finitariness of the
motivic filtration. Instead, these will be proved along the way to the following second main result on
rational motivic cohomology.

Theorem 4.2. Let X be a qcgs scheme. Then there is a natural fibre sequence of filtered spectra
Fil}, . K(X; Q) — FilZq, KH(X; Q) — cofib(Filfjir HC(Xg/ Q) — Filjiy LeanHC(Xg/ Q))[11.

mot

To prove this result, we use a classical argument of Weibel at the level of K-theory (Lemma 4.62)
and the rational splitting Theorem 4.1 to reduce the statement to the case of characteristic zero, where
the result is essentially [EM23, Theorem 4.10 (3)].

The key step in this argument, in order to pass from a statement at the level of K-theory to a filtered
statement, is to prove beforehand that the motivic filtration Fil’, ;K is N-indexed (Proposition 4.47).
The strategy to prove this is as follows. We first introduce a new rigid-analytic variant of the HKR
filtrations in the generality of qcqs derived schemes, whose graded pieces are rigid-analytic variants of
derived de Rham cohomology. We then adapt a theorem of Goodwillie —stating in modern language that
periodic cyclic homology is truncating in characteristic zero— to this rigid-analytic variant of periodic
cyclic homology. This rigid-analytic Goodwillie theorem implies, by the work of Land-Tamme on
truncating invariants, that the rigid-analytic variant of periodic cyclic homology is a cdh sheaf on qcqs
schemes. A filtered consequence of this cdh descent result then formally implies the desired result, i.e.,
that the motivic filtration Fil}, K is N-indexed.

4.1 Adams operations

In this subsection we construct Adams operations on filtered algebraic K-theory of qcqs derived
schemes (Construction 4.10).

In [EM23, Appendix B], Elmanto-Morrow construct Adams operations ¢™ on the m-periodic fil-
tered K-theory Fil%, K(X)[-5] of smooth Z-schemes X, acting on the i'" graded piece as multiplication
by m'. Using this construction, Bachmann—-Elmanto—Morrow construct the following Adams opera-
tions 9™ on the filtered K H-theory of arbitrary qcqs schemes X.

Proposition 4.3 (Adams operations on filtered K H-theory, [BEM]). Let m > 2 be an integer,
and X be a qcgs scheme. Then there exists a natural automorphism Y™ of the filtered spectrum
Fil:dhKH(X)[%] such that for every integer i € Z, the induced automorphism on the i'" graded piece
Z2](i)°M(X)[2i] is multiplication by m'.

We now use the Adams operations ¢™ on the m-periodic filtered K-theory Fil}j, K(X)[-£] of smooth
Z-schemes X ([EM23, Appendix B]) to construct Adams operations 4" on the filtered p-completed
topological cyclic homology FilgysTC(X;Z,) of qcqs Z[--]-schemes X.

4
m
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Proposition 4.4 (Adams operations on filtered TC(—;Z,)). Let m > 2 be an integer, X be a qcgs de-
rived Z[i]—scheme, and p be a prime number. Then there exists a natural multiplicative automorphism
Y™ of the filtered spectrum FilgysTC(X;Z,) such that for every integer i € Z, the induced automor-
phism on the i*" graded piece Z,(i)BMS (X)[2i] is multiplication by m*. Moreover, this automorphism
Y™ is uniquely determined by its naturality and the fact that on smooth Z[--]-schemes X, the diagram

1
of filtered spectra "
Fil3, K(X)[;;] — FilgysTC(X;Zy)

J{w?’” J/wm
Fil} K(X)[ 4] — Filiy,sTC(X; Z,)
where the horizontal maps are induced by Remark 3.15, and the left vertical map is defined in [EM23,
Construction B.4], is commutative.

Proof. The functor FiljyqTC(—;Z,) on p-quasisyntomic rings is p-quasisyntomic-locally identified
with the p-completed left Kan extension of the functor Fil}j, K(—) from smooth Z-algebras to p-quasisyn-
tomic rings (Remark 3.15). The functor FilgysTC(—;Z,) on p-quasisyntomic rings moreover satisfies
p-quasisyntomic descent (Theorem 2.25 (1)), so the Adams operation ¥ on the functor Fil’), K(—)[-1]

cla

(JEM23, Appendix BJ) induces a natural automorphism ¢™ of the presheaf FilgsTC(—;Z,), actigg
as multiplication by m® on the i*" graded piece Z,(i)BM5(—)[2i]. The same result then applies to
animated commutative Z[L-]-algebras by left Kan extending the result on polynomial Z[-L]-algebras
(Theorem 2.25(2)), and to general qcgs derived Z[-L]-schemes by Zariski sheafifying the result on
animated commutative Z[--]-algebras. O

The following result is [Rak20, Construction 6.4.8 and Proposition 6.4.12]. Note that if X is a qcqgs
derived Z[--]-scheme, then the filtered spectrum Filf; g HC™ (X) is naturally Z[-1]-linear.
Proposition 4.5 (Adams operations on filtered HC™, [Rak20]). Let m > 2 be an integer, and X be
qcqs derived Z[%]-sch@me. Then there exists a natural multiplicative automorphism Y™ of the filtered

spectrum F_‘ilﬁKRHC_(X) such that for every integer i € 7, the induced automorphism on the it" graded

L =i
piece L)

X/ 7 ][%] is multiplication by m’.

m

Lemma 4.6. Let m > 2 be an integer, X be a qcgs derived Z[%]—scheme, and p be a prime number.
Then the natural diagram of filtered spectra

J/w m J/w m

where the horizontal maps are defined in Construction 2.29, the left map is the map defined in Propo-
sition 4.4, and the right map is the map induced by Proposition 4.5, is commutative.

Proof. By [EM23, Lemma B.§], the natural diagram of filtered spectra

Fil?}, K (X)[4] — Filien HC™(X)

[+ [or

Filg K(X)[5;] — FilixpHC™ (X)

is commutative for every smooth Z[%]—scheme X . The result is then a consequence of Proposition 4.4,
where the compatibility between the filtered maps is a consequence of the proof of Theorem 3.14. [J
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Construction 4.7 (Adams operations on filtered TC). Let m > 2 be an integer, and X be a qcgs de-
rived Z[--]-scheme. The automorphism 1™ of the filtered spectrum Fil%,  TC(X) is the automorphism
defined by pullback along the natural cartesian square of filtered spectra

Fil} ., TC(X) —————  Filfjgr HC ™ (X)

mot

! |

[T e Filins TO(X3 Zy) —— T e Filiign HC ™ (X Z,),

where the automorphism ¥™ of Filjjxg HC™ (X) is the automorphism of Proposition 4.5, the automor-
phism ¢™ of [ cp FiljxrHC™ (X;Z)p) is induced by the automorphism ¢™ of Filfjxg HC™ (X), and
the automorphism ¢™ of [],cp FilgysTC(X;Z,) is the automorphism of Proposition 4.4. Note here
that the compatibility between the automorphisms ™ and the bottom map is given by Lemma 4.6.

Note in the following result that if X is a qcgs derived Z[%]—scheme, then the filtered spectrum
Fil} . TC(X) is naturally Z[-L]-linear.

Corollary 4.8. Let m > 2 be an integer, and X be a qcgs derived Z[X]-scheme. Then for every integer
i € 7, the automorphism ™ induced on the i*" graded piece Z(i)IFC(X)[%] of the filtered spectrum
Fil} .« TC(X) is multiplication by m'. Moreover, if X is smooth over Z[--], then the natural diagram

of filtered spectra

Filg, K(X)[5;] — Fily,, TC(X)

[or [

Filg, K(X)[5;] — Fily,, TC(X)

where the horizontal maps are defined in Theorem 3.14, and the left vertical map is defined in [EM23,
Construction B.4], is commutative.

Proof. The identification of the automorphism ¥™ on the graded pieces is a consequence of Propo-
sitions 4.4 and 4.5. The second statement is a consequence of the analogous compatibilities for
[1,er Filgus TC(X;Zy) (Proposition 4.4) and for Filfjxg HC™ (X) ([EM23, Lemma B.8]), and of Lem-
ma 4.6. O

Lemma 4.9. Let m > 2 be an integer, and X be a qcqs Z[%]—scheme. Then the natural diagram of
filtered spectra

Fill g KH(X)[4] —— FilyLean TC(X)

[or [

Fil}g, KH(X)[L] —— Fil%, Lean TC(X)

where the horizontal maps are defined in Construction 3.16, the left map is the map of Proposition 4.3,
and the right map is the map induced by Construction 4.7, is commutative.

Proof. The left map ™ of this diagram is defined by cdh sheafifying the left Kan extension from smooth
Z|[-L]-schemes to qcgs Z[-1]-schemes of the automorphism ¢™ on Fil%, K(—)[-1] ([EM23, Appendix B]).

1

The result then follows f?om Construction 3.16 and Corollary 4.8. O

Construction 4.10 (Adams operations on filtered K-theory). Let m > 2 be an integer. Following Def-

inition 3.17, if X is a qcgs Z[-1]-scheme, the automorphism ™ of the filtered spectrum Fil, K (X)[-L]
is the automorphism defined by pullback along the natural cartesian square of filtered spectra

Fil

K(X)[5;] — Filj,, TC(X)

| l

Fil}g, KH(X)[L] —— Fil’,0, Lean TC(X),

mot

*
mot
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where the automorphism ¢™ of Fil; . TC(X) is the automorphism of Construction 4.7, the automor-

mot

phism ¢™ of Fil}, ; Lean TC(X) is defined by cdh sheafifying the automorphism ¢™ of Fil} TC(—),
and the automorphism ™ of Fil}y, KH(X)[-L] is the automorphism of Proposition 4.3. Note here that

the compatibility between the automorphisms ¢ and the bottom map is given by Lemma 4.9.
Following Definition 3.18, if X is a qcqs derived Z[%]—scheme, the automorphism 9™ of the filtered

spectrum Fil}, (K(X )[%] is the automorphism defined by pullback along the natural cartesian square

of filtered spectra
Fﬂ;lot

K(X)[5;] —— Fil,,,TC(X)

! |

Fill o, K (0 (X)) [7;] — Fil},0, TC(mo(X)),
where the automorphisms ¢™ of Fil}, , TC(X) and Fil?, . TC(mo(X)) are defined in Construction 4.7,
and the automorphism 1™ of Fil7 K (7o (X))[:L] is the automorphism of the previous paragraph. Note
here that the compatibility between the automorphisms ™ is automatic by construction.

Corollary 4.11. Let m > 2 be an integer, and X be a qcgs derived Z[-~]-scheme. Then for every

integer i € 7, the automorphism Y™ induced on the i*" graded piece 7| m(i)m‘)t(X)[Qi] of the filtered
spectrum Fil%, K(X)[L] is multiplication by m’.

mot m

1
m
Proof. This is a consequence of Proposition 4.3 and Corollary 4.8. O

The following lemma explains how to use Adams operations to deduce splitting results on the
rationalisation of certain filtrations.

Lemma 4.12. Let
Fil*F(—) : dSch®°" — FilSp

be a Zariski sheaf of filtered spectra. For each integer m > 2, let Y™ be a natural multiplicative auto-
morphism of the filtered spectrum Fil*F(X) on qcgs derived Z[--]-schemes X, satisfying the following
properties:

(1) for every qcqs derived scheme X, the rationalised filtration Fil*F(X; Q) is complete;

(ii) for any integersi € Z and m > 2, and every qcqs derived Z[%]—scheme X, the induced automor-
phism on the i*® graded piece gr' F'(X) is multiplication by m’;

(#ii) for any integers m,m’ > 2, and every qcqs derived Z[min,]-scheme X, the space of natural

transformations from ™ o z/ﬂ”, to wmm/, as endomorphisms of the filtered spectrum Fil*F(X),
is contractible.

Then for every qcqs derived scheme X, and any integers i,k € Z such that k > i, there ezists a natural
equivalence of spectra

Fil'F(X;Q) ~ ( P e/ F(X;Q)) @ Fil*F(X; Q).
i<j<k
Proof. For every spectrum C' equipped with a map F : C' — C, denote by C¥' the homotopy fibre of
the map F. Let m > 2 be an integer, i,k € Z be integers such that k£ > ¢, and X be a qcqgs derived
Z[%]—scheme, for which we first construct the desired equivalence of spectra
Fil'F(X;Q) ~ ( €D &' F(X;Q)) @ Fil*F(X;Q).
i<j<k

We first prove that the spectrum (Fil'™" F(X; Q))wm_m% is zero. The filtration Fil""'** F(X;Q) in-
duced on the spectrum Fil'™' F(X;Q) is complete (hypothesis (i)), so it suffices to prove that the

natural map _ _ '
P —m' g F(X;Q) — gt/ F(X;Q)
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is an equivalence of spectra for every integer j > ¢ + 1. For every integer j > i + 1, this map can be
identified with multiplication by the nonzero integer m!(m’~*—1) on the Q-linear spectrum gr/ F(X; Q)
(hypothesis (1)), and is thus an equivalence. Taking the fibre of the natural map ¢™ —m® on the fibre
sequence of spectra

Fil' ™ F(X;Q) — Fil'F(X;Q) — gr' F(X; Q),

this implies that the natural map
.14 ) w'm_mi i ) w'm_mi
(Fi'F(X;Q)) — (gr'F(X;Q))

is an equivalence of spectra. The spectrum (gr"F(X;Q))wmfmz can be naturally identified with the
spectrum griF(X;Q) @ gr' F(X; Q)[—1] (hypothesis (ii)), and the induced composite map

g F(X;Q) — (e F(X:Q)"" ™™ =5 (FIFF(X; Q)Y ™™ < Fil' F(X; Q)
induces a natural splitting of spectra
Fil' F(X; Q) ~ gr' F(X; Q) @ Fil' ™ F(X; Q).
By induction, this implies that for every integer k£ > i, there is a natural equivalence of spectra

Fil'F(X:Q) ~ ( P e/ F(X;Q)) @ Fil*F(X; Q).
i<j<k

We now prove the desired equivalence of spectra for a general qegs derived scheme X. The presheaf
Fil*F(—) being a Zariski sheaf of filtered spectra, the presheaves

Fil'F(—;Q) and ( @ ot/ F(—;Q)) & Fil*F(— Q)
i<j<k
are Zariski sheaves of spectra. It thus suffices to construct compatible equivalences of spectra
U . ~ J . 1k
Fil'F (X1 :Q) = (P er F(XZ[%],Q)) oFil"F(X 1 ;Q)

N =gl
1i<j<k

for all integers m > 2. The construction of this equivalence for each integer m > 2, which depends on
the map ™ : Fil*F(XZ[i]) — Fil*F(XZ[L]), is the first part of this proof. Let m, m’ > 2 be integers.
m m

The compatibility between the constructions of the equivalences for m, m’, and mm’ only depend on
the choices, for every integer i € Z, of the identification of the maps ™, ¥™ , and ¥™™ on the i‘"
graded piece with multiplication by m?, (m’)?, and (mm/)? respectively. These choices are compatible

up to homotopy (hypothesis (ii7)), which concludes the proof. O

Remark 4.13. Lemma 4.12 can also be proved, with the same proof, for Zariski sheaves of filtered
spectra Fil* F'(—) that are defined on qcqs schemes, on qcqs schemes of finite valuative dimension, on
noetherian schemes of finite dimension, or on smooth schemes over a given commutative ring.

Remark 4.14. Hypothesis (¢i¢) in Lemma 4.12 follows from the construction of the Adams operations
on the filtrations Fily,K(—) and Filjjxg HC™(—), when these are defined. This hypothesis (i74) then

cla
follows formally for all the other filtrations considered in this subsection.

Proposition 4.15. Let
Fil* F(—) : Sch99®°P — FilSp

be a finitary Zariski sheaf of filtered spectra. For each integer m > 2, let " be a natural multiplicative
automorphism of the filtered spectrum Fil*F(X) on qcgs Z[%]—schemes X, satisfying the following
properties:
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(i) for every noetherian scheme X of finite dimension, there exists an integer d € Z such that for
every integer i € 7, the spectrum Fil'F(X; Q) is in cohomological degrees at most —i + d;

(ii) for any integersi € Z and m > 2, and every qcgs Z[%]—scheme X, the induced automorphism on
the i'" graded piece gr'F(X) is multiplication by m';

(iii) for any integers m,m’ > 2, and every qcgs Z[min,}-scheme X, the space of natural transforma-

tions from ¢mo¢m’ to wmml, as endomorphisms of the filtered spectrum Fil* F(X), is contractible.

Then for every qcqs scheme X, there exists a natural multiplicative equivalence of filtered spectra
Fil"F(X;Q) ~ @ger(X; Q).
Jj=*

Proof. By finitariness, it suffices to prove the result on noetherian schemes of finite dimension. Hy-
pothesis (i) implies that the filtration Fil* F(X;Q) is complete on such schemes X. Lemma 4.12 and
Remark 4.13 then imply that there exist natural equivalences of spectra

Fil' F(X;Q) ~ (®i<j<r g’ F(X;Q)) ® Fil* F(X; Q)

for all integers i,k € Z such that k > i. Again using completeness, taking the limit over k — +o0
induces a natural equivalence of spectra

Fil'F(X;Q) ~ ngjF(X;Q).
j>i

Hypothesis (¢) then implies that, at each cohomological degree, only a finite number of terms in the
previous product are nonzero. In particular, the previous equivalence can be rewritten as a natural
equivalence of spectra

Fil'F(X;Q) ~ P e’ F(X;Q),
i

which induces the desired multiplicative equivalence of filtered spectra. O

Remark 4.16. Let X be a qcgs derived scheme. The argument of Proposition 4.15, where the
necessary hypotheses are satisfied by Corollary 4.8 and Proposition 2.35, implies that there is a natural
multiplicative equivalence of filtered spectra

Fill,o TC(X;Q) = [ ] Q)™ (X)[24).

J=*

4.2 Rigid-analytic HKR filtrations

In this subsection, we define variants, which we call rigid-analytic, of the HKR filtrations. We start
by explaining the relevant objects at the level of Hochschild homology.
For every qcqs derived scheme X, there is a natural S'-equivariant arithmetic fracture square

HH(X) ———— HH(Xg/Q)

| | (1)

Hpe]P’ HH(X§ZP) — H;G]P HH(X§@p)

in the derived category D(Z), where we use base change for Hochschild homology for the top right
corner, and the convention adopted in ‘Ehe Notation part for the bottom left and bottom right corners.
Applying homotopy fixed points (—)"" for the S'-action induces a natural cartesian square

HCT(X) ————— HC (Xo/Q)

| |

ITer HC™ (X:Z,) —— (TT,ep HH(X:Q,))"
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in the derived category D(Z), where we use that taking homotopy fixed points (—)hSl commutes with

limits for the bottom left corner. We call rigid-analytic variant of Hochschild homology and of negative
cyclic homology the bottom right corners of the previous two cartesian squares, respectively. This
terminology should find some justification in Section 4.3. Following Section 2.1, we use the previous
cartesian square to introduce a new HKR filtration on this rigid-analytic variant of negative cyclic

hS!
homology ( H;)e]P’ HH(X; Qp)) .
Definition 4.17 (HKR filtration on rigid-analytic HC™). The HKR filtration on rigid-analytic negative
cyclic homology of qcgs derived schemes is the functor
, 1
Filficr ([] HH(—@,))" : dSch®® — FilSp
peP

defined by the cocartesian square

Filfixg HC™ (=) ————— FiljjxgHC™ (—q/ Q)

| |

. — . hS?
HpGIPFﬂI*{KRHC (=3Zp) — FIIEKR(H;ePHH(—éQp)) .

Remark 4.18. Let p be a prime number, and X be a qcgs derived scheme over Z,). The natural
map

[[FiliirHC™ (X;Zs) — Filjiig HC™ (X3 Z,)

teP
is then an equivalence of filtered spectra, and we then denote by Filjr HH(X ;Qp)hSl the filtered
spectrum Filfxp Hzeﬂ” HH(X; Q[)hsl. In particular, the natural commutative diagram

| !

Filfjr HC ™ (X;Z,) —— Filip HH(X; Q,)"S'

is a cartesian square of filtered spectra.

Similarly, one can apply homotopy orbits (—)g: for the S'-action to the arithmetic fracture square
for Hochschild homology (1). The functor (—),g: does not commute with limits, but the S'-action on
the product HpeIP HH(X;Z,) is diagonal. Using the natural fibre sequence

HH(X;Zp) — HH(X;Zp)psr — HH(X;Zy)ps1 2]
in the derived category D(Z) and the fact that the functors HH(—;Z,) and HH(—;Z,);s: are in
non-positive cohomological degrees on animated commutative rings, one can prove that the complex
HH(X;Z,)nqt € D(Z) is derived p-complete, hence the natural map

HC(X;Z,) — HH(X;Z,) 51

is an equivalence in the derived category D(Z). In particular, applying homotopy orbits (—),g: to the
arithmetic fracture square for Hochschild homology (1) induces a natural cartesian square

HC(X) —— — HC(Xp/ Q)

| |

Hpe]p HC(X;Zpy) —— ( H;)E]P’ HH(X; @p)) RS?

in the derived category D(Z). We use this cartesian square to introduce the following HKR filtration
on the bottom right corner.
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Definition 4.19 (HKR filtration on rigid-analytic HC). The HKR filtration on rigid-analytic cyclic
homology of qcgs derived schemes is the functor

Filijen ([ HH(—:Q,)) g1 : dSch9™*" — FilSp
peP

defined by the cocartesian square

Filfjgg HC(~) —————— FiljjxrHC(—¢/ Q)

! |

HpGIP FﬂﬁKRHC(_§ Zy) — FﬂﬂKR( H;eﬂ» HH(—; Qp))h51~
Remark 4.20. Taking homotopy orbits (—),g: commutes with colimits, so the natural map
Filiixg HC(X; Q) — Filjxr HC(Xg/ Q)

is an equivalence in the filtered derived category DF(Q). Upon applying rationalisation to the natural
cartesian square

Filjjx g HO(X) —————— FiljjxpHC(Xo/ Q)

! |

HpG]P’ FIIEKRHC(X7 ZP) FIIEKR( HlpeP HH(Xa Qp)) hS1?
this implies that the natural map

I FieHC(X;Q,) = (] Filixr HC(X; Zp))  — Filir ([ ] THH(X;Q,)) a0
p€eP peEP peP

is an equivalence in the filtered derived category DF(Q).

Remark 4.21. Let p be a prime number, and X be a qcqgs derived scheme over Z,). Asin Remark 4.18,
we denote the filtered complex Filfigg ([Tjcp HH(X;Qp)), o1 by

hS?
Filixg HH(X;Q,)sst € DF(Q).
In particular, the natural map
Filrr HC(X;Q,) — Filggr HH(X; Q) s
is an equivalence in the filtered derived category DF(Q) by Remark 4.20.
The Tate construction (—)’551 is by definition the cofibre of the norm map

(st [1] = (=S

Applying the Tate construction (—)tSl to the arithmetic fracture square for Hochschild homology (1)
then induces a natural cartesian square

HP(X) —— HP(Xo/Q)

| |

HpeIP HP(X;Zp) —— (H;e]}” HH(X; @p))tSI

in the derived category D(Z), where we use the analogous cartesian squares for HC™ and HC to identify
the bottom left corner.
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Definition 4.22 (HKR filtration on rigid-analytic HP). The HKR filtration on rigid-analytic periodic
cyclic homology of qcgs derived schemes is the functor

Filfier ([T HH(—@,))™ : dScho®°P — FilSp
p€EP

defined by the cocartesian square
Filjixg HP (=) —————— FiljixpHP(—0/ Q)
-~ . st
Hpelp Filfgp HP (3 Zp) —— FllﬁKR ( H;g]p HH(—; Qp)) .

Remark 4.23. Let p be a prime number, and X be a qcqs derived scheme over Z(,). As in Re-
1
marks 4.18 and 4.21, we denote the filtered complex Filfjyp (T],cp HH(X; Qz))ts by

Filir HH(X; Q)" € DF(Q).
In particular, the natural commutative diagram

Filfyn HP(X) —— Filien HP (Xo/ Q)

! !

Filficg HP(X; Z,) — Filjg HH(X; Q)"

is a cartesian square of filtered spectra.

Lemma 4.24. Let X be a qgcgs derived scheme. Then the natural commutative diagram

1% - 1k hSt
[Tep Filiikr HC™ (X;Q,) —— Filjixg (TT,ep HH(X;Q,))

| l

. . ts?
[Tyer Filiier HP (X3 Q,) — Filfikg (IT,ep HH(X;Q,))
is a cartesian square of filtered spectra.
Proof. There is a natural commutative diagram of filtered spectra

ITcp Filiggr HC™ (X;Q,) —— [[,cp Filigg HP(X;Q,) —— [1,cp Filikg HC(X; Q,)[2]

~+ ~+ \L

. hst . tst T
Filiicg ([T,ep HH(X;Q,))" = Filfgg ([1,ep HH(X;Q,)) " + Filiigg ([T,ep HH(X;Q,)) 61 [2]

where, by definition of the bottom terms (Definitions 4.17, 4.22, and 4.19), the horizontal lines are
fibre sequences. In this diagram, the right vertical map is an equivalence (Remark 4.20), so the left
square is a cartesian square. O

Lemma 4.25. Let X be a gcgs derived scheme. Then the filtrations

’ 1 ’ , 1
[T FilieHEX; Q)" [T (Filfig HE(X; Q) g and [] ' (Filjia HE(X; Q)"
pEP p€EP pEP

are complete.
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Proof. The HKR filtrations on HC™ (X), HC(X), and HP(X) are complete by Lemma 2.9. The product
on prime numbers p of the p-completions of these filtrations are also complete, since p-completions
and products commute with limits. Similarly, the HKR filtrations on HC™ (Xg/ Q), HC(Xg/ Q), and
HP(Xq/ Q) are complete by [Ant19, Theorem 1.1]. The rigid-analytic HKR filtrations on HC™, HC,
and HP are thus also complete, as pushouts of three complete filtrations. O

We now describe the graded pieces of these rigid-analytic HKR filtrations, by analogy with the
classical HKR filtrations.

Definition 4.26 (Rigid-analytic Hodge-complete derived de Rham cohomology). For every integer
i € Z, the functor
)~ >0
Rz (— J] L0, o, ) : dScho™e? — D(Q)

peEP

is defined as the shifted graded piece of the HKR filtration on H;eIP’ HH(—; Qp)hsl:

RUzar (*7 H ’ mé;p/@p) = grimr ( H "HH(—; Qp))h81 [—21].

p€EP p€EP

Remark 4.27. Let X be a qcgs derived scheme, and ¢ € Z be an integer. By Definition 4.17, there is
a natural cartesian square

—~ > —~ >1
RT. (X, Lo-, Z) - RTy. (X, Lo, @)

l l

R0 (X, Tyer (E02)2))) —— Rl (X.TTer IO, /)

in the derived category D(Z), which can serve as an alternative definition for the bottom right term.

Remark 4.28. Let X be a qcgs derived scheme, and ¢ € Z be an integer. The complexes

B0 (X J] L2, o) and RUzu (X [] LOZ) o)

p€EP p€EP

are defined as in Definition 4.26, where (—)"S" is replaced by (—)'S" and (—),g respectively. In
particular, the natural fibre sequence

’ ! 1 ’
Filjuer ([ HH(X;Q@,))" = Filia (] HH(X;QP))tS = Filis ([ HH(X:Q,)) (2]
p€eP peP pEP

hst

induces a natural fibre sequence
)~ > ;) ~
Rl (X, JT'L27, /o, ) — RPzar (X ] L0, o,) — AUz (X, J] 1O g ),
p€EP pEP pEP
where the right term is naturally identified with the complex
i \A
(T Arze (X, (205),), ))Q € D(Q)
peP
by Remark 4.20.

Remark 4.29. Let p be a prime number, X be a qcqs derived scheme over Z,, and i € Z be an
integer. Following Remarks 4.18, 4.21, and 4.23, we denote the complexes

Rz (X, ] Lo~ 0,)r Rz (X.JTLR g, ). and Rz (X T 'LO o)
Lep LeP LeP
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by

e e <i
RFZar (X7 M—@p / Qp) ) RFZH.I’ (Xa M_Qp / Qp) ) a‘nd RrZar (Xy M_Qp / Qp)

respectively. In particular, by Remark 4.28, there is a natural fibre sequence
> —~ ,
Rl (X,L97, /q,) — RTzae(X,LQ_, /q,) — RT7u (X, L] )
in the derived category D(Q,), where the right term is naturally identified with the complex
RUz0e (X, (LO5) ) [}]) € D(Qy).
In the following result, we reformulate the motivic filtration on topological cyclic homology of

Definition 2.30 in terms of the rigid-analytic HKR filtration on negative cyclic homology. This can be
interpreted as a filtered arithmetic fracture square for topological cyclic homology.

Proposition 4.30. Let X be qcgs derived scheme. Then the natural commutative diagram
Fil*

mot

TC(X) ————  FiljgrHC™ (Xo/ Q)

| l

hS?
[Tyer Filiss TC(X: Z,) —— Filien (IT)er HE(X:Q,))

is a cartesian square of filtered spectra.

Proof. This is a consequence of Definitions 2.30 and 4.17. O

Corollary 4.31. Let X be a gcgs scheme. Then the natural commutative diagram

(Lean Fil}, o TC(—))(X) ————————— (Lean Filjgr HC™ (—o/ Q))(X)

| !

(Lcdh [T, cp Filfis TO(—; Zp)) (X) —— (Lcdh Filfie (TT)ep HH(—; @p))hsl> ),

is a cartesian square of filtered spectra.

Proof. This is a consequence of Proposition 4.30, which we restrict to qcqs schemes and then sheafify
for the cdh topology. O

Corollary 4.32. Let X be a qcgs derived scheme. Then for every integer i € Z, the natural commu-
tative diagram

—~ >
Z()"O(X) ————— RTzar(X,L07, o)

J !

. ~ >
[yer Zo()PMS(X) — BTz (X, T, L7, g, ).
is a cartesian square in the derived category D(Z).

Proof. This is a direct consequence of Proposition 4.30. O
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4.3 A rigid-analytic Goodwillie theorem

In this subsection, we prove that the rigid-analytic version of periodic cyclic homology is a trun-
cating invariant (Theorem 4.41). We first recall the definition of Hochschild, cyclic, negative cyclic,
and periodic cyclic homologies of a general cyclic object.

Definition 4.33 (Cyclic object). Let C be a category, or an co-category. The cyclic category A is
the category with objects [n] indexed by non-negative integers n, and morphisms [m] — [n] given by
homotopy classes of degree one increasing maps from S to itself that map the subgroup Z /(m+1)
toZ /(n+1). A cyclic object in C is then a contravariant functor from the cyclic category A to C.

Notation 4.34 (Hochschild homology of a cyclic object). Let A be an abelian category with exact
infinite products, and X, be a cyclic object in A. Following [Goo85, Section II| (see also [Morl8b,
Section 2.2]), one can define the Hochschild homology HH(X,) of X,, as an object of the derived
category D(A) equipped with a natural S'-action. The cyclic, negative cyclic, and periodic cyclic
homologies of the cyclic object X, are then defined by

HC(X,) := HH(X,)s:, HC™(X,) := HH(X,)"S', and HP(X,) := HH(X,)™S .
In this context, there is moreover a natural map
s HCO(X,)[~2] — HC(X,)

in the derived category D(A), from which periodic cyclic homology HP(X,) € D(A) can be recovered
by the formula

HP(X,) ~ lim ( - =S HO(X.)[ 4] = HO(X.)[-2] = HC(X.)).

We now apply the previous general construction to define Hochschild homology and its variants on
solid associative derived algebras over a solid commutative ring.

Definition 4.35 (Solid Hochschild homology). Let & be a solid commutative ring, and R be a con-
nective solid k-E;-algebra. The simplicial object

- SRy RoyR= R, R=R

has a natural structure of cyclic object in the derived oo-category of solid k-modules (Definition 4.33),
induced by permutation of the tensor factors. We write HH(R/k), HC(R/k), HC™ (R/k) and HP(R/k)
for the Hochschild, cyclic, negative cyclic and periodic cyclic homologies of this cyclic object (Nota-
tion 4.34). If k = Z, we simply denote these by HH(R), HC(R), HC” (R) and HP(R).

For f : R — R’ a map of Z-Ej-algebras and F : E;-Alg, — D(Z) a functor, we denote by
F(f) € D(Z) the cofibre of the map F(R) — F(R'). More generally, for f : R — R’ a map of solid
Z-E;-algebras and F' a D(Solid)-valued functor on solid Z-E;-algebras, denote by F(f) € D(Solid) the
cofibre of the map F(R) — F(R').

The following result is [Goo85, Theorem IV.2.6]. More precisely, this result of Goodwillie is for maps
of simplicial Z-algebras, and the underlying co-category of simplicial Z-algebras is naturally identified
with the oco-category of connective Z-E;-algebras, by the monoidal Dold-Kan correspondence and
[Lurl?7, Proposition 7.1.4.6].

Theorem 4.36 (|Goo853]). Let f : R — R’ be a 1-connected map of connective Z-E;-algebras. For
every integer n > 0, the natural map

nls™ : HCq2,(f) — HCL(f)
is the zero map for + <n — 1.

Goodwillie’s proof of Theorem 4.36, although stated with respect to the abelian category of
Z-modules (or k-modules, for k an arbitrary discrete commutative ring), is valid for any abelian
symmetric monoidal category with exact infinite products (see Notation 4.34 and Definition 4.35).
One can thus prove the following generalisation of the previous result.
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Theorem 4.37. Let f : R — R’ be a 1-connected map of connective solid Z-E1-algebras. Then for
every integer n > 0, the natural map

nls™ : HC(f)[—2n] — HC(f),
in the derived category D(Solid), is the zero map on cohomology groups® in degrees at least —n + 1.

Proof. To prove the result for simplicial solid Z-algebras, it suffices to prove that the abelian category
of solid abelian groups is symmetric monoidal, and has exact infinite products. The first claim is [CS19,
Theorem 6.2 (i)]. The second claim is a consequence of the fact that the abelian category of condensed
abelian groups has exact arbitrary products ([CS19, Theorem 1.10]), and that the category of solid
abelian groups, as a subcategory of the abelian category of condensed abelian groups, is stable under
all limits ([CS19, Theorem 5.8 (¢)]). We omit the proof of the analogue of [Lurl7, Proposition 7.1.4.6]
to pass from simplicial solid Z-algebras to connective solid Z-E,-algebras. O

For the rest of this section, and following the convention of condensed mathematics, a condensed
object is called discrete if its condensed structure is trivial. Given a classical object X, we denote by
X the associated discrete condensed object.

Lemma 4.38. Let R be a connective Z-E1-algebra, and p be a prime number. Then the natural map

HH(R) — HH(R)),

in the derived category D(Solid), exhibits the target as the p-completion of the source. In particular,
there is a natural equivalence
HH(R)"[£] > HH(E)[1]/Q,)

in the derived category D(Solid).

Proof. The solid tensor product of p-complete solid connective Z-E;-algebras is p-complete, and so is
the totalisation of a complex of p-complete solid connective Z-modules ([CS21]). In particular, the
complex @(EQ), as a totalisation of tensor powers of the p-complete solid connective Z-E;-algebra E[/)\,
is p-complete. By the derived Nakayama lemma ([Stal9, 091N], see also [CS21]), it thus suffices to
prove the first statement modulo p. By base change for Hochschild homology (resp. solid Hochschild
homology), this is equivalent to proving that the natural map

HH((R/p)/F,) — HH((R/p)/F,)

is an equivalence in the derived category D(Solid). The desired equivalence is then a consequence of the
fact that reduction modulo p and tensor products commute with the functor @ from Z-E,-algebras
to solid Z-E;-algebras. The second statement follows from the fact that rationalisation commutes with

the functor
(=) : D(Z) — D(Solid),

and base change for solid Hochschild homology. O

Proposition 4.39. Let R be a connective Z-E;-algebra, and p be a prime number. Then the natural
map
HC(R) — HC(Ry),

in the derived category D(Solid), exhibits the target as the p-completion of the source. In particular,
there is a natural equivalence

HC(R)"[2] = HC(R)[2]/ Q,)

P

in the derived category D(Solid).

6By this, we mean that it is the zero map as a map of solid abelian groups, i.e., that it factors through the zero
object of the abelian category of solid abelian groups. Note that the underlying abelian group of a nonzero solid abelian
group can be zero (e.g., the quotient of Z, with the p-adic topology by Z, with the discrete topology). In particular,
being zero for a map of solid abelian groups cannot be detected on the underlying map of abelian groups.
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Proof. The first statement is a consequence of Lemma 4.38, and the description [Morl8b, Defini-
tion 2.19] of (solid) cyclic homology in terms of the cyclic object HH(R) (resp. HH(R)))) in the stable
oo-category D(Z) (resp. D(Solid)). The second statement follows from the fact that rationalisation
commutes direct sums (or equivalently, with the functor (—),g1) and with the functor (—) from the

derived category D(Z) to the derived category D(Solid). O

Corollary 4.40. Let f : R — R’ a 1-connected map of connective Z-E1-algebras. Then for every
integer n > 0, the map

nls” : [ HO(f;Q,)[-2n] — ] HC(f: Q).

peP peP
in the derived category D(Q), is the zero map on cohomology groups in degrees at least —n + 1.

Proof. For every prime number p, the natural map
nls"  HO(f)[~2n] — HC(f)),

in the derived category D(Solid), is zero in cohomological degrees at least —n + 1 (Theorem 4.37).
Forgetting the condensed structure and taking the product over all primes p, this implies that the
natural map

nls™ : [[HC(f;Zp)[—2n] — [ HC(f:Zy),

peP peP

in the derived category D(Z), is zero in cohomological degrees at least —n + 1 (Proposition 4.39).
Taking rationalisation then implies the desired result. O

Theorem 4.41 (Rigid-analytic HP is truncating). The construction

e (I i) = (([Tminz)), )
peP

peP

from connective Z-Ei-algebras R to the derived category D(Q), is truncating. More precisely, there
exists a truncating invariant E : Catggrf — D(Q) such that the previous construction is the composite
R — Perf(R) — E(Perf(R)).

Proof. Let f: R — R’ be a 1-connected map of connective Z-E;-algebras. We want to prove that the
natural map

(IT mure,)” — (I] msg,)”

p€EP peP

1
is an equivalence, or equivalently that its homotopy cofibre ([T, p HH(f ;(@p))tS vanishes in the

derived category D(Q). For every integer n > 0, the natural map

nls” : [[ BC(f;Q,)[-2n] — [ HO(£:Q,)

p€EP p€EP

is the zero map in cohomological degrees at least —n + 1 (Corollary 4.40). This map is Q-linear, so
the map

s HIHC(f;Qp)[—Qn] — H,Hc(f;Qp)

peP peP

is also the zero map in cohomological degrees at least —n + 1. Taking the inverse limit over inte-
gers n > 0 and using the equivalence at the end of Notation 4.34 then implies that the complex

(H;E]P, HH(f; Qp))ts is zero in the derived category D(Q). O
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4.4 Rigid-analytic derived de Rham cohomology is a cdh sheaf

The aim of this section is to prove the cdh descent result Corollary 4.46, which is a rigid-analytic
analogue of the following result, used in [EM23] to prove Theorem 4.2 in characteristic zero.

Proposition 4.42 ([CHSWO08, Bal23|). For every integer i € Z, the presheaf
Fillyen HP(—g/ Q) : Sch®™? — D(Q)
is a cdh sheaf.
Proof. This is a consequence of [LT19, Corollary A.6] and [Bal23, Theorem 1.3]. O

We first extract the following cdh descent result from Theorem 4.41. Note that this argument uses
the theory of truncating invariants, as developed by Land—Tamme [LT19], in a crucial way.

Corollary 4.43. The presheaf
, tst
(H HH(—, Qp)) : Sch¢4®°P — D(Q)
peP
is a cdh sheaf.
Proof. This is a consequence of Theorem 4.41 and [LT19, Theorem EJ. O

We then adapt the main splitting result of [Bal23] on periodic cyclic homology over Q to our
rigid-analytic setting.

Proposition 4.44. Let X be a qcgs derived scheme. Then there exists a natural equivalence

(T1 mu(x:0,) ) ~1‘[RFZM(X [1'Lo, /o, )02

peP peP
in the derived category D(Q).

Proof. We adapt the proof of [Bal23, Theorem 3.4], which proves a similar decomposition for periodic
cyclic homology over Q. The crucial point to adapt this proof is to note that there is a natural

equivalence
[ 1H(x;Q,) ~ € Rz (X, (T2, 200 )l

p€EP i€N p€EP

in the derived category D(Q) (see [Bal23, Remark 2.8]). This is the rigid-analytic analogue of [Bal23,
Proposition 2.7], and it is for instance a consequence of Lemma 4.12 applied to the N-indexed filtration
Filfikn H;EP HH(—;Q,). By [Bal23, Theorem 3.2], this implies that there is a natural equivalence

L , 1
(FilﬁRPZar (x JI2, ,o) eFir([] Q)" )A -~ Fﬂfr(]_[ HH(X;@,,))tS
p€EP p€eP p€EP

in the filtered derived category DF(Q), where the tensor product ® is the Day convolution tensor
product, Filjj is the Hodge filtration on derived de Rham cohomology, and (—)” is the completion with
respect to the associated filtration. By a degree argument explained in [Bal23, proof of Theorem 3.4],

1
the filtered object Fil}(H;eP Q, )ts carries a canonical splitting, which induces an equivalence

[T (Fili RP 2 (X, [T T2, o) ) (20 < Fity ([T HH(X; Qp))ts

1EZ p€eP p€eP

in the filtered derived category DF(Q).
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It then suffices to prove that the desired result is indeed obtained by taking the colimit over x — —oo
of the previous equivalence. Following [Bal23, proof of Theorem 3.4], the result for the source is a
formal consequence of the connectivity estimate for the functor

RFZar (77 H /ME; /Qp)
peP F

on animated commutative ring, which is itself a consequence of Remark 4.20, and of the classical con-
nectivity estimate for the HKR filtration on cyclic homology (Proposition 2.8). The result for the target
is a consequence of the fact that the Tate filtration is always exhaustive ([Bal23, Proposition B.6]). O

Corollary 4.45. The presheaf
RFZar (_7 H l @—Q /Qp) : SChchsjop — D(Q)
p€EP

is a cdh sheaf.

Proof. This is a consequence of the natural splitting Proposition 4.44, and of the cdh descent result
Corollary 4.43. O

Corollary 4.46. For every integer i € Z, the presheaf

Filer ([T HH(- @p>)t81 - Sch¥wo» _, P(Q)

peP
is a cdh sheaf.

1
Proof. The HKR filtration on (H;)EIP’ HH(—; Qp))ts is complete by Lemma 4.25, so it suffices to prove
the result on graded pieces. The result is then Corollary 4.45. O

4.5 The Atiyah—Hirzebruch spectral sequence

In this subsection, we use the results of the previous sections to prove Theorem C.

Proposition 4.47 (The motivic filtration is N-indexed). Let X be a qcqs derived scheme. Then for
every integer i < 0, the natural map

Fil! , K(X) — K(X)

mot
is an equivalence of spectra. In particular, the motwic filtration Fil}, K(X) on K(X) is ezhaustive.

Proof. First assume that X is a qcgs classical scheme. The filtration Fil’y, KH(X) is N-indexed by
[BEM], so it suffices to prove that the filtration

cofib (Fﬂfmt

TC(X) — (LeanFil TC)(X))

mot

is N-indexed (Definition 3.17). To prove this, we use Proposition 4.30 and Corollary 4.31. For ev-
ery prime number p, the filtration Filgy;sTC(—;Z,) is N-indexed on qcgs schemes (|[BMS19, Theo-
rem 7.2 (1)] and Theorem 2.25 (2)). In particular, the filtration

cofib( ] FilisTC(X; Zy) — (Lean [ | Filinas TC(—: 7)) (X))
p€EP peP

is N-indexed. The presheaf Filjj g HP(—g/ Q) is a cdh sheaf on qcqgs schemes (Proposition 4.42), and
the filtration Filpgr HC(Xg/ Q) is N-indexed by construction. In particular, the filtration

cofib (Filfin HC™ (Xa/ @) — (LeanFilinen HC ™ (—o/ @) (X))
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is naturally identified with the filtration
cofib (Filjih HC(Xo/ Q) — (LeanFilirdn HO(—o/ @) (X) ) (1)

1
which is N-indexed. Similarly, the presheaf Filfjgg ( H;GP HH(—; Qp))ts is a cdh sheaf on qcqs schemes

(Corollary 4.46), and the filtration Filfgg ( H;e]P’ HH(—; Qp))hsl is N-indexed (Remark 4.20). In par-
ticular, the filtration

cofib (FﬂﬁKR( H /HH(X; @p))hs — (LeanFilfigg ( H IHH(*; Qp))ts )(X>>
peP p€eP
is naturally identified with the filtration
cofib (Filﬁ%lR( [ HH(X:Q,)), — (LeanFilids ([ HH(— Qp))hsl)(X)) 1],
p€EP peP

which is N-indexed.
Assume now that X is a general qcgs derived scheme. By Definition 3.18 and the previous para-
graph, it suffices to prove that the filtration

cofib (Fﬂ*mot

TC(X) — Filjyo TC(mo(X)) )

is N-indexed. To prove this, we use Proposition 4.30. For every prime number p, the filtration
FilgnsTC(X; Zy) is N-indexed on polynomial Z-algebras by the previous paragraph, and hence on
general qcgs derived schemes by Zariski descent and Theorem 2.25 (2). In particular, the filtration

coﬁb( [ Filis TC(X: Z,) — T Filiigs TC(mo(X); Zp))
p€EP peP

is N-indexed. The filtration
cofib (Filizn HC ™ (Xo/ Q) — Filin HC ™ (m0(X)a/ Q)

is N-indexed by [EM23, Theorem 4.39]. Similarly, using Theorem 4.41 and Proposition 4.44 as in the
proof of Corollary 4.46, the natural map

’ 8! . ’ tSt
Filfixg ( H HH(X; Qp)) — FIIEKR( H HH (7o (X); Qp))
p€EP peP
is an equivalence of filtered spectra. In particular, the filtration
1% ’ hS* o , hSt
cofib (Filfyer ( [ HH(X:Q,)) — Filfyen ( [] HH(mo(X):@,)) )
p€EP peP
is naturally identified with the filtration
cofib (Filjer 1; HH(X:Q,)) | — Filiyn ( 1; HH(mo(X): Q) ) (1],
P P

which is N-indexed by Remark 4.20. O

Corollary 4.48. Let X be a qcgs scheme. Then for every integer i < 0, the motivic complex
Z(1)m°%(X) € D(X) is zero.

Proof. This is a direct consequence of Proposition 4.47. O
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Proposition 4.49. Let d > 0 be an integer, and X be a qcqs scheme of valuative dimension at most d.
Then for every integer i € Z, the fibre of the natural map of spectra
Fil’

mot

TC( )—) Fﬂmot thTC(X)

is in cohomological degrees at most —i 4+ d + 2. In particular, the filtration formed by these spectra for
all integers i € Z, and the rationalisation of this filtration, are complete.

Proof. The last statement is a consequence of the first, as the connectivity bound for a given filtration

induces the same connectivity bound for its rationalisation. For the connectivity bound, we use

Proposition 4.30 and Corollary 4.31 to compare the spectra Fil:, ., TC(X) and Fil’,,, Lean TC(X).
The presheaf []

mot
Filh s TC(X;Z,) takes values in cohomological degrees at most —i+1 on affine

peP
schemes (Lemma 2.21). In particular, the fibre of the natural map of spectra
[ Filbms TC(X;Zy) — (Lean | | Filgns TC(—; Zy)) (X)
p€EP peP

is in cohomological degrees at most —i + d + 2, as each term is in cohomological degrees at most
—i+d+1 ([CM21, Theorem 3.12] and [EHIK21, Theorem 2.4.15]).
By Proposition 4.42; the fibre of the natural map of spectra

Filig HC™ (Xg/ Q) — (Lcthﬂ%{KRHC_(_Q/Q))(X)

is naturally identified with the fibre of the natural map of spectra
Filidn HC(Xg/ Q)[1] — (LeanFililg HC(—g/ Q)[1]) (X).

The presheaf Filil; HC(—g/ Q) takes values in cohomological degrees at most —i—1 (e.g., by Lemma 2.9
and the description of the graded pieces Remark 2.7), so the previous fibre is in cohomological degrees
at most —i +d — 1 ([CM21, Theorem 3.12] and [EHIK21, Theorem 2.4.15]).

Similarly, by Corollary 4.46, the fibre of the natural map of spectra

hst

Fﬂ%IKR(H/HH(X§Qp))hSI — (Lcthﬂ%KR(H/HH(ﬂQp)) )(X)

p€EP pEP

is naturally identified with the fibre of the natural map of spectra

Filinde ([T HH(X Q) 0 11 — (LeanFilide (T] HH(=5Q,)) 10 [1]) (X)
p€EP peP

The presheaf FIIHKR( HpE]P’ HH(— QP))hsl takes values in cohomological degrees at most —i — 1 (Re-
mark 4.20), so the previous fibre is in cohomological degrees at most —i+d—1 ([CM21, Theorem 3.12]
and [EHIK21, Theorem 2.4.15]).

The previous three connectivity results imply the desired result. O

Proposition 4.50 (Completeness of the motivic filtration). Let d > 0 be an integer, and X be a qcgs
scheme of valuative dimension at most d. Then for every integer i € 7, the spectrum Fil', K(X) is
in cohomological degrees at most —i + d + 2. In particular, the motivic filtration Fil’, [ K(X), and its
rationalisation Fil K(X;Q), are complete.

mot

Proof. As in the proof of Proposition 4.49, the last statement is a consequence of the first. By
Definition 3.17, there is a natural fibre sequence of spectra

fib (Fﬂl

mot

TC(X) — Fillge Lean TC(X) ) — Fillyo K(X) — Fillg, KH(X).

The left term of this fibre sequence is in cohomological degrees at most —i + d 4 2 by Proposition 4.49,
and the right term is in cohomological degrees at most —i 4+ d by [BEM], hence the desired result. 0
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Remark 4.51 (Non-noetherian Weibel vanishing). Let X be a qcgs scheme of valuative dimension at
most d. The same argument as in Proposition 4.50 implies that the negative K-groups K_,,(X) vanish
for integers n > d + 2. This is a weak form of Weibel vanishing in the non-noetherian case.

Remark 4.52 (Motivic Weibel vanishing). Let X be a qcgs scheme of dimension at most d. Propo-
sition 4.50 implies that for every integer i € Z, the motivic complex Z(i)™°*(X) € D(Z) is in degrees
at most ¢ +d + 2. When X is noetherian (in which case the valuative and Krull dimensions coincide),
we will prove that it is even in degrees at most i + d (Theorem 9.27).

Remark 4.53. A map of finitary presheaves of filtered spectra on qcgs schemes, which are filtration-
complete on finite-dimensional noetherian schemes, is an equivalence if and only if it is an equivalence
on graded pieces. In light of Propositions 4.59 and 4.50, we will formulate most of our results at the
level of motivic cohomology, although they can often be promoted to results on the associated filtered
spectra.

Corollary 4.54 (Completeness of Fil% . Lcan TC). Let X be a qcgs scheme of finite valuative dimen-
sion. Then the filtrations Fil},  Lcqn TC(X) and Fil};,  Lcan TC(X; Q) are complete.

Proof. This is a consequence of Propositions 2.35 and 4.49. O

Remark 4.55. The filtrations Fil}, . TC(X) and Fil’ . L.an TC(X) do not satisfy separately a con-

nectivity bound similar to that of Proposition 4.49.

Corollary 4.56 (Atiyah—Hirzebruch spectral sequence). Let X be a gegs derived scheme. The motivic
filtration Fil% . K(X) on non-connective algebraic K -theory K(X) induces a natural Atiyah—Hirzebruch
spectral sequence ‘

B = Hih (X, 2(~j)) = K_i_;(X).

mot

If X is a qcqs classical scheme of finite valuative dimension, then this Atiyah—Hirzebruch spectral
sequence is convergent.

Proof. The first statement is a consequence of the fact the motivic filtration Fil} ,K(X) is N-indexed
(Proposition 4.47). The second statement is a consequence of the connectivity bound for this motivic
filtration (Proposition 4.50). O

The main consequence of Propositions 4.47 and 4.50 that we will use is the following result.

Corollary 4.57. Let X be a qgcgs derived scheme. Then for every integer ¢ > 0, there exists a natural
equivalence of spectra

~ (P Qi) (X)[2i]) @ Fill,, K(X; Q).

0<j<i

Proof. The motivic filtration Fil}, , K(X;Q) is N-indexed by Proposition 4.47. The result on qcgs clas-
sical schemes is then a consequence of Lemma 4.12 and Remark 4.13, where the necessary hypotheses
are satisfied by Proposition 4.50 and Corollary 4.11.

Assume now that X is a general qcqs derived scheme. Again by Lemma 4.12; where the necessary
hypotheses are satisfied for the filtration Fil}, , TC(—) by Proposition 2.35 and Corollary 4.8, there is
a natural equivalence of spectra

Fil), TC(X;Q) ~ ( € Q()"(X)[24]) ® Fill, TC(X; Q).

0<j<1

mot

The result is then a consequence of Definition 3.18 and the previous case, where the equivalences

Filo K(m0(X); Q) = @D Q)™ (m0(X))[24]) @ Filh,e K (0 (X); Q)
0<j<i
and
Filg, o TC(mo(X ( D Q)™ (mo(X))[24]) @ Fill TC(X; Q)
0<j<1
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are compatible, by construction, with the natural map
Fil}, o K(mo(X); Q) — Fil,,, TC(mo(X); Q)
of Definition 3.17. O

Lemma 4.58. Let 7 be the Zariski, Nisnevich, or cdh topology, and (F;);cr be a direct system of
presheaves. Then the natural map of presheaves

lim L, F; —» L, lim F,
—1 —>1

is an equivalence. In particular, the sheafification functor L. sends finitary presheaves to finitary T
sheaves.

Proof. As a left adjoint, the sheafification functor L., from presheaves to 7 sheaves, commutes with all
colimits. Being a sheaf for the topology 7 is detected using only finite limits, so the inclusion functor
from 7 sheaves to presheaves commutes with filtered colimits. Composing the previous two functors
then implies that the functor L., from presheaves to presheaves, commutes with filtered colimits.

To prove the second statement, let F' be a finitary presheaf, and (R;);c; be a direct system of
commutative rings. The fact that the natural map

lim L, F(R;) — L, F(lim R;)
—1 —>1

is an equivalence is a consequence of the finitariness of F, and of the first statement applied to the

direct system of presheaves (F(—g,)), ;- O

Proposition 4.59 (The motivic filtration is finitary). Let ¢ € Z be an integer. Then the presheaf
Fil! K (—) : dSch®®°" —; Sp

is a finitary Nisnevich sheaf, i.e., it satisfies descent for the Nisnevich topology and commutes with

filtered colimits of rings.

Proof. 1t suffices to prove the result modulo p for every prime number p, and rationally. Algebraic
K-theory is a finitary Nisnevich sheaf on qcqgs derived schemes ([CMNN20, Proposition A.15]). The
presheaf Fil’ . K(—; Q) is a natural direct summand of rationalised algebraic K-theory (Corollary 4.57),
so it also is a finitary Nisnevich sheaf. To prove the result modulo a prime number p, note that the
presheaf Fil’y, KH(—) is a finitary cdh sheaf ([BEM]), and in particular a finitary Nisnevich sheaf.
By Theorem 2.25, the presheaf FilgMSTC(—;Fp) is a finitary Nisnevich sheaf. By Lemma 4.58, this
implies that the presheaf LeqnFiljyygTC(—;F,) is a finitary Nisnevich sheaf, and the result modulo p

is then a consequence of Proposition 3.24. O
Corollary 4.60. Let i € Z be an integer. Then the presheaf
Z(i)™°% (=) : dSch9°®°P — D(7Z)
is a finitary Nisnevich sheaf.
Proof. This is a direct consequence of Proposition 4.59. O

Proof of Theorem 4.1. The motivic filtration Fil}; K (—) is finitary on qcqs schemes (Proposition 4.59),
and, for every noetherian scheme X of finite dimension d and every integer ¢ € Z, the spectrum
Fil} ,«K(X;Q) is in cohomological degrees at most —i + d + 2 (Proposition 4.50). Proposition 4.15

mot
then implies that there exists a natural multiplicative equivalence of filtered spectra

Fil}, K(X; Q) ~ @5 Q)™ (X)[24]-

J=x*

The same argument as in Corollary 4.57 then implies the result for general qcqgs derived schemes. [
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Corollary 4.61. Let X be a qcqs derived scheme. Then there exists a natural equivalence of spectra
K(X:Q) = @D Q)™ (x)[2i].
i>0

Proof. The motivic filtration Fil} K (X;Q) is N-indexed by Proposition 4.47. The result is then a
consequence of the rational splitting Theorem 4.1. O

4.6 Rational structure of motivic cohomology

In this subsection, we finish the proof of Theorem 4.2. We first use an argument of Weibel to prove
the following result at the level of K-theory. We then use the rational splitting Corollary 4.57 to prove
a filtered version of this result, which reduces the proof of Theorem 4.2 to the case of characteristic
Z€ero.

Lemma 4.62. Let X be a gcqs scheme. Then the natural commutative diagram

K(X;Q) —— K(Xg;Q)

| |

KH(X;Q) —— KH(Xq; Q)

is a cartesian square of spectra.

Proof. By Zariski descent, it suffices to prove the result for affine schemes X = Spec(R). For every
integer n € Z, let
NK,, (R) := coker (K, (R) — K, (R[T]))

be the n'" NK-group of R. By [Wei81, Corollary 6.4] (see also [TT90, Exercise 9.12], where some
unnecessary hypotheses in Weibel’s result are removed), there is a natural isomorphism of abelian
groups

NK, (R) ®z Q — NK, (R ®z Q)

for every integer n € Z and every commutative ring R. For every commutative ring R, the homotopy
groups of the fibre K (R) of the map of spectra K(R) — KH(R) have a natural exhaustive complete
filtration with graded pieces given by the iterated N K-groups of R. In particular, for every integer
n € Z and every commutative ring R, the natural map

KY(R; Q) — KV (R®z Q; Q)
is an equivalence of spectra, which implies the desired result. O

Corollary 4.63. Let X be a qcqs scheme. Then the natural commutative diagram

K(X;Q) ——— HC™ (Xo/Q)

l !

KH(X;Q) —— LeanHC™ (—q/ Q)(X)

is a cartesian square of spectra.

Proof. The result for qeqs Q-schemes X is due to Cortinas—Haesemeyer—Schlichting—Weibel [CHSW08,
CHWOS] (see also Theorem 1.1). The general result is then a consequence of Lemma 4.62. O

We record for completeness the following result, which is well-known in characteristic zero ((CHSWO08,
CHWO08]).

Corollary 4.64. Let X be a qcgs scheme. Then there is a natural fibre sequence of spectra
K(X;Q) — KH(X;Q) — coﬁb(HC(XQ/ Q) — LcanHC(—q/ Q)(X))[l]
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Proof. By Theorem 1.1 and Lemma 4.62, the natural commutative diagram

K(X;Q) ———— HC™ (Xo/Q)

! !

KH(X;Q) — LeanHC™ (—o/ Q)(X)

is a cartesian square of spectra. By construction, there is moreover a natural commutative diagram of
spectra

HC™ (Xo/ Q) ————— HP(Xg/Q) —————— HC(Xq¢/Q)[2]

| | !

LeanHC™ (—/ Q)(X) —— LeanHP(—¢/ Q)(X) —— LeanHC(—o/ Q)(X)[2],

where the horizontal lines are fibre sequences. The middle vertical line of this diagram is an equivalence
([CHSWO08, Corollary 3.13], see also [LT19, Corollary A.6]), so the cofibre of the left vertical map is
naturally identified with the spectrum

cofib(HC(Xg/ Q) — LeanHC(—g/ Q)(X))[1].

The following result is a filtered refinement of Lemma 4.62.

Corollary 4.65. Let X be a gcgs scheme. Then the natural commutative diagram

Fill o K(X; Q) —— Fil, o K(Xo; Q)

l |

Fillgy KH(X; Q) —— Filiy, KH(Xg; Q)

is a cartesian square of filtered spectra.

Proof. By Corollary 4.57, for every integer ¢ > 0, the spectrum Fil’ K(X;Q) is naturally a direct

mot
summand of the spectrum K(X;Q). The same applies to the other three filtrations of the cartesian

square, by noting that the motivic filtration Fil’,, KH(—) also is N-indexed (|[BEM]). The compatibility
between the several filtrations is automatic from the construction of the splittings. So the result is a
consequence of Lemma, 4.62. O

The following result is a filtered refinement of Corollary 4.63.

Theorem 4.66. Let X be a qcqs scheme. Then the natural commutative diagram

Fil .,

K(X;Q) ——— FiljxpHC™ (Xo/ Q)

| |

Fil;y, KH(X; Q) —— LeanFilirrHC™ (—o/ Q)(X)

is a cartesian square of filtered spectra.

*

Proof. This is a consequence of Corollary 4.65, where the filtration Fil};, ., TC(—) of qcqs Q-schemes is
naturally identified with the filtration Filjjxg HC™ (—/ Q) (Remark 2.31). O

The following result is the rational part of Theorem B.
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Corollary 4.67. Let X be a qcgs scheme. Then for every integer i € Z, the natural commutative
diagram

=\ 110 /\22
Qi)™ (X) —— Rl7q: (X, L7, )

| !

—~ >
Qi)™ (X) —— RTcan(X,LOZ o)

is a cartesian square in the derived category D(Q).

Proof. This is a direct consequence of Theorem 4.66. O

Proof of Theorem 4.2. By Theorem 4.66, the natural commutative diagram

Fil%, ¢

K(X;Q) —— FiljggHC™ (Xg/ Q)

| |

Fil%, KH(X; Q) —— LeanFilfigg HC™ (—¢/ Q)(X)

is a cartesian square of filtered spectra. By Definition 2.6 and Remark 2.10, there is a natural com-
mutative diagram of filtered spectra

Filir HC™ (Xg/ Q) —— FiljcpHP(X¢/ Q) ——— Filj HC(Xo/ Q)[2]

1 l 1
LeanFiliigr HC™ (—o/ Q)(X) — LeanFiliixpHP(—o/ Q)(X) — LeanFiligr HC(—o/ Q)(X)[2]
where the horizontal lines are fibre sequences. The middle vertical map of this diagram is an equivalence
(Proposition 4.42), so the cofibre of the left vertical map is naturally identified with the filtered

spectrum
cofib (Filigr HC(Xo/ Q) — LeanFilirgr HC(—o/ Q)(X))[1].

The following result was proved by Elmanto—Morrow [EM23] for qcgs schemes X over Q.

Corollary 4.68 (Rational motivic cohomology). Let X be gcgs scheme. Then for every integer i € Z,
there is a natural fibre sequence

Q)™ (X) — Q6™ (X) — cofib (RFZar (X, mf; /o) — Blcan (X,Qf; /Q)) [—1]

in the derived category D(Q).
Proof. For every valuation ring extension V' of QQ, the natural map

}LQ;; 0 — Qf/} G

is an equivalence in the derived category D(Q) by results of Gabber—Ramero (JGR03, Theorem 6.5.8 (ii)
and Corollary 6.5.21]). The presheaves RIcqn(—, Lﬂfi/Q) and RTcqn(—, in/Q) are finitary cdh

sheaves on qgcqs schemes, so the natural map

RTean (—, LQf;/Q) — Rlcan (—, Qf;/(@)

is an equivalence ([EHIK21, Corollary 2.4.19]). The result then follows from Theorem 4.2. O

Example 4.69 (Weight zero motivic cohomology). For every qcgs scheme X, the natural map
Z(0)°*(X) — Z(0)*"(X) ~ Rlcan(X, Z),

where the last idenfication is [BEM], is an equivalence in the derived category D(Z). Indeed, it
suffices to prove the result rationally, and modulo p for every prime number p. The result rationally
is a consequence of Corollary 4.68. For every prime number p, the presheaf F,(0)BMS is naturally
identified with the presheaf RT¢(—,F,) ([BMS19, Proposition 7.16]) which is a cdh sheaf on qgcgs
schemes ([BM21, Theorem 5.4]), so the result modulo p is a consequence of Corollary 3.25.
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4.7 A global Beilinson fibre square

In this subsection we prove Theorem 4.72, which is a rewriting of the Beilinson fibre square of
Antieau—Mathew—Morrow—Nikolaus [AMMN22, Theorem 6.17] in terms of the rigid-analytic derived
de Rham cohomology of Section 4.2. Note that our statements are formulated in the generality of
derived schemes, and that the functor —F, is then the derived base change from Z to IF,,. The results
in [AMMNZ22] are stated in the generality of p-torsionfree commutative rings, on which derived and
classical reduction modulo p coincide.

Construction 4.70 (The map x). Let i € Z be an integer. Following [AMMN22], we construct for
every qcqgs derived scheme X a natural map

(HZ ) BMS ) (HRFZ“ (L2, 2); ))@
p€EP pEP
in the derived category D(Q).
(1) (p < i+ 1) Let p be a prime number. By [AMMN22, Theorem 6.17], there exists an integer
N > 0 depending only on ¢ and a natural map

L (R)p) — o (L2))

on p-torsionfree p- quasisyntornic rings R, and in particular on polynomial Z-algebras R. The
functors Z,(i)BMS(—/p) and L (LOQ_ /z)p, as functors from animated commutative rings to
p-complete objects in the derlved category D(Z), are left Kan extended from polynomial Z-alge-
bras (Corollary 2.26 (2) and by construction, respectively). Left Kan extending the previous map
then induces a natural map

X Z(i)BVS (R/p) —s piN(]LQR/Z);\

on animated commutative rings R, where the reduction modulo p is the derived one. Inverting p
and Zariski sheafifying induces a natural map

X Qu ()P (X, ) — RTzar (X, (LQ- ), [1])
in the derived category D(Q), on general qcqgs derived schemes X.

(2) (p > i+ 2) For prime numbers p such that p > ¢ + 2, there actually exists a natural map
A
X Zyp(1)" (R/p) — (LR z2),,

on p-torsionfree p-quasisyntomic rings R (JAMMN22, Theorem 6.17]), and in particular on poly-
nomial Z-algebras R. Left Kan extending this map again induces a natural map

X Zy(i)PMS(R/p) — (L) z))

on animated commutative rings R. Taking the product over all primes p > ¢ 4+ 2, and then
rationalisation and Zariski sheafification, induces a natural map

( H Z,()PMS ) ( H RT7a: (X, (LQ_ /Z)p ))
PEP> 12 PEP>; 42 °
in the derived category D(Q), on general qcgs derived schemes X.

(3) (general construction) For every qcqs derived scheme X, define the desired natural map x as the
product of the map x of (2) with the finite product over prime numbers p < i+ 1 of the map x

of (1).
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Theorem 4.71 (Beilinson fibre square, after [AMMN?22]). Let X be a gcgs derived scheme. Then for
every integer i € Z, the natural diagram

(Myer Zo@yPS(X))  —— (Tlep BPz0 (X, (L07));) )

!

(Tyer Zp ()™ (Xx,)) | —*= (e R70s (X, (L2 2)7) )

Q Q

in the derived category D(Q) is commutative, with total cofibre naturally identified with the complex
(HIPRFZar (x,LO<! /Z))@ € D(Q).
pe

Proof. This is a consequence of Construction 4.70 and [AMMN22, Theorem 6.17]. O

In the following result, the map X is defined as the composite of the map x of Construction 4.70
with the natural maps

(TI Brzar (X, (O 2)0)) o = (]| BT zar (X, (L, 2)) ))@_)RFZar(XvH'@_QP/Qp)
peP pEP peP

induced by Hodge-completion and Remark 4.27.

Theorem 4.72. Let X be a qcqs derived scheme. Then for every integer i € Z, there exists a natural
commutative square

QU)TO(X) ——————— Ry (X,L07 o)

| !

(Hpel? Zp(i)BMS(XFp))Q > Rl'zar (X HpeIP’ ——QP/QP)
in the derived category D(Q), whose total cofibre is naturally identified with the complex
(TT Arza:(x. L0 /Z))@ € D(Q).
peP

Proof. By construction, there exists a natural commutative diagram

—~ >
| )@) ———— Rz (X,LO”_/q)
{
—~ >

Q(i)TC(X) —— RI'zar (X7(
4
(HpE]P’ Zp(i)BMS(X)) — (HpEJP’ RFZM(X’ (LQ_/Z) )>Q - RFZaF(X HpeIP’——@p/Qp)
4
X

Q

! i

(e Zp(i)BMS(X]Fp))Q — (yer RTz00 (X, (L2 2)) ))@ — RTz7e (X, [Tep L2, /)

in the derived category D(Q), where all the inner squares are cartesian expect the left bottom one,
and where the commutativity for the left bottom square is part of Theorem 4.71. The desired total
cofibre is then naturally identified with the total cofibre of the left bottom square, and the result is
then a consequence of Theorem 4.71. O

Theorem 4.72 means in particular that the complex Q(i)T¢(X) can be expressed purely in terms
of characteristic zero, characteristic p, and rigid-analytic information.
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Corollary 4.73. Let p be a prime number, and X be a qcqs derived Z-scheme. Then for every
integer i € Z, there exists a natural cartesian square

Qi)TO(X) ———— Rz (X, 007 )

| |

. X —
QP(Z)BMS(XFT’) —_— RFZar (X, m*Qp/Qz)

in the derived category D(Q).

Proof. The base change X, is zero for every prime number ¢ different from p. The complex LQ}; /z
P
is Fp-linear, so its rationalisation vanishes. The result is then a consequence of Theorem 4.72 and

Remark 4.23. O
The following result is an analogue of Theorem 4.72 at the level of filtered objects.

Theorem 4.74. Let X be qcqs derived scheme. Then there exists a mnatural commutative square of
filtered spectra

Fil* ¢

TC(X;Q) ————  FiljxgHC™ (Xo/ Q)

J L

a1 X - 3
( HpEIP FllBMSTC(XJFp))Q — Filpkg ( H;)e]P’ HH(X; Qp)) )

whose total cofibre is naturally identified with the filtered spectrum (HpeIP FilI*_I?RHC(X]FP))QB].

Proof. The construction of the map x in the proof of [AMMN22, Theorem 6.17] adapts readily to define
a map at the filtered level instead of graded pieces. The proof is then the same as in Construction 4.70
and Theorem 4.72. O

Question 4.75. Given the results of the previous sections, and in particular Corollary 4.46 and
Theorem 4.74, it is a natural question —to which we do not know the answer— to ask whether the
presheaf

( II Fil*BMSTC(pr)>Q - Sch¥ee°P _ FilSp
peP

is a cdh sheaf, where —r  again means derived base change from Z to F,,.
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5 p-ADIC STRUCTURE OF MOTIVIC COHOMOLOGY

In this section, we give a description of motivic cohomology with finite coefficients in terms of
Bhatt-Lurie’s syntomic cohomology (Theorem 5.10).

5.1 Comparison to étale cohomology

In this subsection, we construct a natural comparison map, called the Beilinson—Lichtenbaum
comparison map, from the motivic cohomology of a scheme to the étale cohomology of its generic
fibre (Definition 5.3). We then use this comparison map to establish a complete description of ¢-adic
motivic cohomology in terms of étale cohomology (Theorem 5.5).

We use the following important result of Deligne to construct the Beilinson-Lichtenbaum compar-
ison map.

Theorem 5.1 ([BM21]). Let p be a prime number, and k > 1 be an integer. Then for every inte-
ger i > 0, the presheaf '

RTeu(—[5], no%) + Sch4™P — D(Z /p")
is a cdh sheaf.

Proof. By [BM21, Theorem 5.4], the presheaf Rrét(_[%],ﬂfki) is an arc sheaf on qcqs schemes, and
the arc topology is finer than the cdh topology.” O
Definition 5.2 (Cdh-local Beilinson-Lichtenbaum comparison map). Let p be a prime number, and
k > 1 be an integer. For any integer ¢ > 0, the cdh-local Beilinson—Lichtenbaum comparison map is
the map _
Z /9" (i)™ (=) — RUat(=[5], 1)
of functors from (the opposite category of) qcgs derived schemes to the derived category D(Z /p*)
defined as the composite
Z [p" ()™ (=) — Z /" (D) (=[3]) = (LeanT="Rlet (=, pin)) (= [3]) — RTee(=[1], 1)
where the first map is induced by base change from Z to Z[%], the equivalence is [BEM], and the last
map is induced by the natural transformation 7<% — id and Theorem 5.1.
Definition 5.3 (Beilinson-Lichtenbaum comparison map). Let p be a prime number, and k& > 1
be an integer. For any integer ¢ > 0, the Beilinson—Lichtenbaum comparison map (or motivic-étale
comparison map) is the map

Z [p"(0)™° (=) — RTat(~[3], 1)

of functors from (the opposite category of) qcgs schemes to the category D(Z /p¥) defined as the
composite

Z [p*() (=) — Z /p"(i)*" (=) — Rler(—[3], 1x)
where the first map is cdh sheafification and the second map is the cdh-local Beilinson—Lichtenbaum
comparison map of Definition 5.2.

Remark 5.4. Let p be a prime number, £ > 1 be an integer, R be a commutative ring, and RZ be
the p-henselisation of R. Then for every integer ¢ > 0, the natural diagram

Z |p*(i)™°t(Spec(R)) ——— Z /p*(i)°®(Spec(R)) ——— Rl (Spec(R[%]),u?ki)

| ! !

Z [p* (i)™ (Spec(Ry)) ——— Z [p*(i)*™" (Spec(R}})) ——— Rle;(Spec(Rp[1]). )

| | Jia

Z/pk(i)BMS(Spec(RZ)) —_— (Lcdh Z/pk(i)BMS)(Spec(RZ)) — Rl (Spec(RZ[%]),u?ki),

"More precisely, the arc topology is finer than the v topology, which is finer than the h topology, which is finer than
the cdh topology (see [BM21, EHIK21]).
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is a commutative diagram in the derived category D(Z /p*), where the top horizontal right map
and the middle horizontal right map are given by Definition 5.2, and the bottom horizontal right
map is induced by [BL22, Theorem 8.3.1]. This statement is a consequence of the naturality of the

constructions, except for the commutativity of the bottom right square, which is proved in [BEM].
Theorem 5.5 (¢-adic motivic cohomology). Let p be a prime number, X be a qcqs scheme over Z[z%]’
and k > 1 be an integer. Then for every integer i > 0, the Beilinson—Lichtenbaum comparison for
classical motivic cohomology induces a natural equivalence

Z [p" (i)°(X) = (LeanT= Rlet (— 1)) (X)

in the derived category D(Z /p*).
Proof. The syntomic complex Z /p¥(i)BMS and its cdh sheafification Leqn Z /p*(i)PM® vanish on qcqs
derived Z[%]—schemes. In particular, the natural map

Z o (i) (X) — 2 /o (i) (X)
is an equivalence in the derived category D(Z /p*) (Proposition 3.24). The Beilinson—Lichtenbaum
comparison for classical motivic cohomology induces a natural equivalence

Z /p"(0)* ™ (X) <= (Lean™= RTet(—, n5)) (X)

in the derived category D(Z /p*) ([BEM]). The desired equivalence is the composite of the previous
two equivalences. O

Corollary 5.6. Let p be a prime number, X be a qcqs Z[%]-scheme, and k > 1 be an integer. Then
for every integer i > 0, there is a natural equivalence

P (i) (X) = 7 RTe (X, 1)
in the derived category D(Z /p").
Proof. The natural map
7= (LeanT=" RPey (—, 1153)) (X) — 7= (Lean Rl e (— 1151 )) (X)

is an equivalence in the derived category D(Z /p*). The result is then a consequence of Theorems 5.1
and 5.5. 0

5.2 Comparison to syntomic cohomology

In this subsection, we study motivic cohomology with finite coefficients. Our main result is a
computation of p-adic motivic cohomology in terms of syntomic cohomology (Theorem 5.10).

Notation 5.7 (Syntomic cohomology of derived scheme, after Bhatt—Lurie [BL22]). Let X be a qcgs
derived scheme, p be a prime number, and ¢ € Z be an integer. We denote by

Lp(i)*"(X) € D(Zp)

the syntomic cohomology of X, as defined in [BL22, Section 8.4]. For every integer k > 1, we also
denote by Z /p¥(i)**(X) the derived reduction modulo p* of the previous complex. In particular,
the presheaf Z /p¥(i)*¥™ is a Zariski sheaf, whose restriction to animated commutative rings is left
Kan extended from smooth Z-algebras, and such that on classical commutative rings R, there is, by
definition, a natural cartesian square

Z [p*(i)*¥*(Spec(R)) —— RTa(Spec(R[;)), 1171)

| !

Z [p*(i)PM3 (Spec(R})) —— RTet(Spec(RR[L1), up)
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in the derived category D(Z /p*), where RZ is the p-henselisation of the commutative ring R, and the
bottom map is the map of [BL22, Theorem 8.3.1].

Construction 5.8 (Motivic-syntomic comparison map). Let p be a prime number, and k£ > 1 be an
integer. For any integer ¢ > 0, the motivic-syntomic comparison map is the map

Z [p" ()" (=) — Z /p" ()" (-)

of functors from (the opposite category of) qcqs schemes to the derived category D(Z /p*) defined as
the Zariski sheafification of the map on commutative rings R induced by the natural commutative
diagram

Z [p* (i)™ (Spec(R)) ——— Rler(Spec(R[}]), )

| !

Z [t (i)PMS (Spec(RE)) —— RTer (Spec(RE[L]). u&)

of Remark 5.4.

The following cartesian square, where the bottom horizontal map was described independently in
[BEM], can be seen as an alternative definition of p-adic motivic cohomology of qcqs schemes (see
Corollary 3.25).

Proposition 5.9. Let X be a qcgs scheme, p be a prime number, and k > 1 be an integer. Then for
every integer v > 0, the commutative diagram

Z [p* (i)™ (X) ———— Z/p* (i)™ (X)

l |

Z [pF (i) (X) —— (Lean Z /P (i) (X)

where the top horizontal map is the motivic-syntomic comparison map of Construction 5.8 and the
vertical maps are cdh sheafification, is a cartesian square in the derived category D(Z /p*).

Proof. By [BL22, Remark 8.4.4], there is a natural fibre sequence
RUet(X, jipS) — Z /p" (i)™ (X) — Z /p" (i)PM3(X)

in the derived category D(Z /p*). The first term of this fibre sequence satisfies arc descent by [BM21,
Theorem 5.4], hence in particular cdh descent. The result is then a consequence of Corollary 3.25. O

The following result is a mixed characteristic generalisation of Elmanto—Morrow’s fundamental
fibre sequence for motivic cohomology of characteristic p schemes ([EM23, Corollary 4.32]).

Theorem 5.10 (p-adic motivic cohomology). Let X be a gcqs scheme, p be a prime number, and
k > 1 be an integer. Then for every integer i > 0, there is a natural fibre sequence

Z [p* ()" (X) — Z /P (D)™ (X) — (Lean™" Z /p" (1)) (X)

in the derived category D(Z /p*). In particular, the fibre of the motivic-syntomic comparison map is
in degrees at least © + 2.

Proof. By [BEM], there is a natural equivalence
2/ (X) = (Leanm'Z [ (0)") (X)

in the derived category D(Z /p*). The result is then a consequence of Proposition 5.9. O
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Corollary 5.11. Let X be a qcqs scheme, p be a prime number, and k > 1 be an integer. Then for
every integer i > 0, the motivic-syntomic comparison map induces a natural equivalence

PSR () (X) < 7S () (X)
in the derived category D(Z [p*).
Proof. This is a consequence of Theorem 5.10. O

Algebraic K-theory being Al-invariant on regular schemes, one could expect the classical A'-inva-
riant motivic cohomology to be a good theory for general regular schemes, not only schemes that are
smooth over a Dedekind domain. However, most of the results on classical motivic cohomology in
mixed characteristic are proved only in the smooth case, as consequences of the Gersten conjecture
proved by Geisser [Gei04]. This is the case for the Beilinson-Lichtenbaum conjecture, which compares
motivic cohomology with finite coefficients to étale cohomology. Combined with Theorem D (6), the
following result extends the analogous result for classical motivic cohomology to the regular case.

Corollary 5.12 (Beilinson—Lichtenbaum conjecture for F-smooth schemes). Let p be a prime number,
X be a p-torsionfree F-smooth scheme (e.g., a reqular scheme flat over Z), and k > 1 be an integer.
Then for every integer i > 0, the fibre of the Beilinson—Lichtenbaum comparison map

Z [p* (i)™ (X) — RTet(X[], )

P
is in degrees at least i + 1.

Proof. By [BM23, Theorem 1.8], the fibre of the natural map

Z [p* (i)™ (X) — RUe(X[3], 1)

P
is in degrees at least ¢ + 1. The result is then a consequence of Theorem 5.10. O

Corollary 5.13. Let p be a prime number, X be a p-torsionfree F-smooth scheme, and k > 1 be an
integer. Then the fibre of the natural map

Z [p* ()N (X) — Z /p" ()™ (X [1))
is in degrees at least i + 1.

Proof. By construction, the Beilinson-Lichtenbaum comparison map

Z [p* (i)™ (X) —> RTe(X[4], 1)

p

naturally factors as the composite

Z [p"(@)"(X) — Z /p" (@) (X[5]) — Rlee(X[5), p10)-

The fibre of the second map is in degrees at least ¢ + 1 by Corollary 5.6, and the fibre of the composite
is in degrees at least i 4+ 1 by Corollary 5.12, so the fibre of the first map is in degrees at least i +1. O
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6 COMPARISON TO CLASSICAL MOTIVIC COHOMOLOGY

For smooth schemes over a field, Elmanto-Morrow proved that the motivic complexes Z(i)™°" co-
incide with the classical motivic complexes Z(i)'® (JEM23, Corollary 6.4]). Their proof uses Gersten
injectivity and the projective bundle formula to reduce the statement to the case of fields, and relies
on Gabber’s presentation lemma ([CTHK97, Theorem 3.1.1]), which is unknown in mixed character-
istic. In this section, we prove partial results comparing the complexes Z(7)™°t and Z(i)"® in mixed
characteristic.

6.1 Comparison to classical motivic cohomology in low degrees

In this subsection, we prove that the classical-motivic comparison map Z(7)® — Z(i)™°* (Defini-
tion 3.22) is an equivalence with rational or ¢-adic coefficients, and integrally in degrees at most i + 1.

Proposition 6.1. Let p be a prime number, B be a Dedekind domain such that every characteristic p
residue field of B is perfect, and X be a smooth scheme over B. Then for any integers i > 0 and
k > 1, the fibre of the classical-motivic comparison map

Z [0 () (X) — Z [t (i)™ (X)
is in degrees at least i +2 in the derived category D(Z /p*). If p is moreover invertible in X, then this
fibre vanishes, i.e., the previous classical-motivic comparison map is an equivalence.
Proof. If p is invertible in the scheme X, then the composite map
Z /0" ()(X) — Z/p" (i)™ (X) — Z [p* (i) (X)
is an equivalence in the derived category D(Z /p*) by [BEM]. The right map is also an equivalence by

Remark 3.26, so the left map is an equivalence. In general, consider the natural commutative diagram

7 [p* (i) (X) —— (Lnis =" Z/pk(i)sy“)(X)

J |

Z [p* (i) (X) ——— Z/p* (i) (X)

in the derived category D(Z /p*). The top horizontal map is an equivalence by [Gei04, Theorems 1.2 (2)
and 1.3] and [BM23, Theorem 5.8]. The fibre of the right vertical map is naturally identified with
(LnisT>"Z /p*(i)™™)(X)[—1], and is thus in degrees at least i + 2. The fibre of the bottom horizontal
map is in degrees at least ¢ + 2 by Theorem 5.10. So the fibre of the left vertical map is in degrees at
least ¢ + 2. O

Proposition 6.2. Let B be a mized characteristic Dedekind domain, and X be a smooth scheme
over B. Then for every integer i > 0, the classical-motivic comparison map

Q(i)(X) — Q(i)™"(X)
is an equivalence in the derived category D(Q).

Proof. This is a consequence of the rational splitting of algebraic K-theory induced by Adams oper-
ations. More precisely, we use the splitting induced by Lemma 4.12 for the filtrations Fil};, K(—; Q)
(which is N-indexed by construction) and Fil} ,K(—; Q) (which is N-indexed by Proposition 4.47).
These decompositions are compatible with the classical-motivic comparison map because of the com-
patibility between the associated Adams operations (Section 4.1). O

Theorem 6.3 (Comparison to classical motivic cohomology). Let B be a mized characteristic Dedekind
domain such that every residue field of B is perfect, and X be a smooth scheme over B. Then for
every integer i > 0, the fibre of the classical-motivic comparison map

Z(i)M*(X) — Z(i)™" (X)

is in degrees at least © + 3.
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Proof. Let F(X) € D(Z) be the fibre of the classical-motivic comparison map
Z()(X) — Z(1)"*(X).

We want to prove that for every integer k < i + 2, the abelian group H*(F(X)) is zero. By Proposi-
tion 6.2, the abelian group H*(F(X)) is torsion for every integer k € Z. For every prime number p
and every integer k € Z, there is a natural short exact sequence of abelian groups

0 — HY(F(X))/p — H*(F(X)/p) — B (F(X))[p] — 0.

By Proposition 6.1, for every prime number p, the abelian group H* (F(X)/p) is zero if k < i+1, hence
the abelian group H*(F(X))[p] is zero for every integer k < i + 2. This implies the desired result. []

Corollary 6.4. Let B be a mized characteristic Dedekind domain such that every residue field of B
is perfect. Then for every integer i > 0, the classical-motivic comparison map induces an equivalence
of D(Z)-valued presheaves

20 (=) — (L= 2™ ()

on essentially smooth B-schemes.

Proof. The classical motivic complex Z(i)'® is a Zariski sheaf which is locally supported in degrees at
most ¢ ([Gei04, Corollary 4.4]), so the result is a consequence of Theorem 6.3. O

6.2 Comparison to classical motivic cohomology in low dimensions

In this subsection, we study in more detail the defect for the classical-motivic comparison map to
be an equivalence (Theorem 6.9), and prove that this defect vanishes on smooth schemes of dimension
less than or equal to one over a mixed characteristic Dedekind domain (Corollary 6.10).

Lemma 6.5. Let B be a commutative ring, ™ be an element of B, C be a presentable oo-category, and
F: Algy — C be a finitary and rigid functor. If the functor F is zero on B[%]—algebas, then for every
qcqs B-scheme X, the natural map

(LeanF)(X) — (LeanF) (Xp/x)
is an equivalence in the co-category C.

Proof. Covers in a site are stable under base change, and the cdh sheafification of a finitary presheaf
is finitary, so the presheaf

(LeanF)(—B/x)

is a finitary cdh sheaf on qcqs B-schemes. It then suffices to prove that for every henselian valuation
ring V' which is a B-algebra, the natural map

F(V) — (LeanF) (V/7)

is an equivalence in the oco-category C. The presheaf L.qn F' is a finitary cdh sheaf, so it is invariant
under nilpotent extensions. In particular, the natural map

(LeanF) (V/7) — (LeanF) (V//(7))

is an equivalence in the oo-category C. The quotient of a henselian valuation ring by one of its prime
ideals is a henselian valuation ring, so the target of the previous map is naturally identified with the
object F(V/y/(m)) € C. We finally prove that the natural map

F(V) — F(V/\/(m))

is an equivalence in the co-category C. If 7 is invertible in the henselian valuation ring V', then both
terms are zero by hypothesis on the functor F'. And if 7 is not invertible in V', then in particular the
henselian local ring V' is w-henselian, and the result is a consequence of rigidity for the functor F. [J
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Corollary 6.6. Let p be a prime number, B be a discrete valuation ring of mized characteristic (0,p),
7w be a uniformizer of B, and X be a qcgs B-scheme. Then for any integers i > 0 and k > 1, the
natural map

(Leant" Z /p" (i))PM3)(X) — (Lean" Z /9" (1)"™°) (X 5 /x)
is an equivalence in the derived category D(Z /p").

Proof. The functor
7L pM()PY : Algy — D(Z /p)

is finitary (Theorem 2.25 (2)) and rigid (Theorem 2.27). The functor Z /p*(i)BM3 is moreover zero on
Z[%]—algebras (Remark 2.16), so the result is a consequence of Lemma 6.5. O

Remark 6.7. One can prove similarly that Corollary 6.6 holds for B a general valuation ring of mixed
characteristic (0,p), where the base change to the characteristic p field B/m is replaced by the base
change to the characteristic p valuation ring B/+/(p).

Proposition 6.8. Let p be a prime number, B be a discrete valuation ring of mized characteristic (0, p),
and R be a henselian local ind-smooth B-algebra of residue characteristic p. Then for any integersi > 0
and k > 1, the natural map

7_>i 7 /pk(Z)BMS(R) N (Lcdh7->i 7 /pk(i)BMS) (R)
is an equivalence in the derived category D(Z /p*).

Proof. Let 7 be a uniformizer of the discrete valuation ring B, and consider the commutative diagram

VL JpF (i) BMS(R) ——— (Leant™ ' Z /p* (i)BMS) (R)

! |

L )P (R/m) —— (Lean™" Z /p*(i)PV°) (R/7)

in the derived category D(Z /p*). The commutative ring R is p-henselian, hence 7-henselian, so the
left vertical map is an equivalence by Theorem 2.27. The right vertical map is an equivalence by
Corollary 6.6. We prove now that the bottom horizontal map is an equivalence. The commutative ring
R/m is a henselian local ind-smooth algebra over the field B/7, so the classical-motivic comparison
map

Z [p* (i)™ (R/m) — Z [p* (i) (R /)

is an equivalence in the derived category D(Z /p*) ([EM23, Corollary 6.4]). The complex Z /p*(i)'*(R) €
D(Z [p*) is moreover in degrees at most i since the commutative ring R is henselian local, so this is
equivalent to the fact that the natural map

7L " @) PN (R/m) — (Leant™" Z [p* (1)PY) (R /)
is an equivalence in the derived D(Z /p*) (Theorem 5.10). O

Theorem 6.9. Let p be a prime number, B be a mized characteristic Dedekind domain such that
every characteristic p residue field of B is perfect, and R be a henselian local ind-smooth B-algebra
of residue characteristic p. Then for any integers i > 0 and k > 1, the fibre of the classical-motivic
comparison map

Z [p" Q)" (R) — Z [p" ()™ (R)

is in degrees at least i + 2, given by the complex

(Lean™ RLet(—, %)) (R) 1] € D(Z /p").
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Proof. The fact that the fibre of the classical-motivic comparison map is in degrees at least i + 2 is a
special case of Proposition 6.1. The henselian local ring R is local for the Nisnevich topology, so the
proof of Proposition 6.1 implies that the complex Z /p*(i)'*(R) € D(Z /p*) is moreover in degrees at
most 4, and this fibre is naturally identified with the complex (7>¢Z /p*(i)™*(R))[-1] € D(Z /p").
By Theorem 5.10, this complex is in turn naturally identified with the complex

fib(r7" Z /p* (i)™ (R) — (Leant " Z /p" (1) (R))[-1] € D(Z /p").
Consider the commutative diagram

L [pE ()Y (R) —— (Lcdh7'>i Z/pk(i)sy“)(R)

! |

L [P ()PMS(R) —— (Leant™" Z /p*(1)PM3) (R)

in the derived category D(Z /p*). The commutative ring R is p-henselian, so the left vertical map is
an equivalence (Notation 5.7). The commutative ring R is local, so there exists a prime ideal p of the
Dedekind domain B such that p € p and R is essentially smooth over the localisation B,. The local
ring B, is a discrete valuation ring of mixed characteristic (0,p), so the bottom horizontal map is an
equivalence (Proposition 6.8). The fibre of the top horizontal map is then naturally identified with the
(—1)-cohomological shift of the fibre of the right vertical map. By Lemma 8.8 (applied for j = i and
after cdh sheafification), this fibre is naturally identified with the complex

(Lean™ Rt (—, jipsy)) (R) € D(Z [p").

The functor RI‘ét(—,jluf’,f) is rigid ([Gab94], see also [BM21, Corollary 1.18 (1)]) and satisfies cdh
descent ([BM21, Theorem 5.4]), so the object
(LeanRTet (=, jin%!)) (R)

is zero in the derived category D(Z /p*) for the p-henselian commutative ring R. In particular, there
is a natural equivalence

(LeanT” " Ret (=, jipigi)) (R) = (LeanT="Rlet (—, jpesit) ) (R)[1]
in the derived category D(Z /p*), which implies the desired equivalence. O

Corollary 6.10. Let B be a mized characteristic Dedekind domain such that every residue field of B
is perfect, and X be a smooth B-scheme of dimension less than or equal to one over B. Then for every
integer i > 0, the classical-motivic comparison map

Z(§)"*(X) — Z(i)™(X)
is an equivalence in the derived category D(Z).

Proof. The presheaves Z(i)"'® and Z(i)™°" are finitary Nisnevich sheaves, hence it suffices to prove the
result on the henselisation of every local ring of the scheme X. Let R be such a henselian local ring,
which is then a henselian local ind-smooth B-algebra of Krull dimension at most three. The result
rationally is a special case of Proposition 6.2, so it suffices to prove the result modulo p, for every
prime number p. Let p be a prime number. If p is invertible in the local ring R, this is Proposition 6.1.
Assume now that p is not invertible in the henselian local ring R, and in particular that the ring R is
p-henselian. By Theorem 6.9, the fibre of the classical-motivic comparison map

Fy (i) (R) — Fp ()" (R)
is in degrees at least ¢ + 2, given by the complex

(Lean7='Rlat(—, i) (R)[~1] € D(F,).
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The commutative ring R is a noetherian ring of Krull dimension at most two, hence of valuative
dimension at most two. So this complex is also in degrees at most i + 3 ([EHIK21, Theorem 2.4.15]),
and it is thus only in degrees i + 2 and i + 3. The complexes F,(i)"*(R) and F,(i)™°*(R) (for i > 0)
are the graded pieces of the N-indexed complete filtrations Fil}j, K(R;F,) and Fil}, K(X;F,) on the
algebraic K-theory of R. In particular, there is natural spectral sequence

By’ = H" ((Leanm= "7 RTet(—, 1§ 7)) (R)) = 0.

The previous cohomological bound implies that all the differentials in this spectral sequence are zero,
so this spectral sequence degenerates. This implies the desired equivalence. O
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7 COMPARISON TO MILNOR K-THEORY AND LISSE MOTIVIC
COHOMOLOGY

In this section, we study the motivic complexes Z(7)™°" on local rings. We prove that these are
left Kan extended, in degrees at most ¢, from local essentially smooth Z-algebras (Theorem 7.11).
Via the comparison to classical motivic cohomology in the smooth case (Theorem 6.3), this means
that the motivic complexes Z(i)™°t are controlled, up to degree i, by classical motivic cohomology
(Corollary 7.12). We use the latter result to construct a comparison map from the i*® (improved)
Milnor K-group of a general local ring A to the motivic cohomology group H:, . (A,Z(i)), and prove
that this map is an isomorphism with finite coefficients (Theorem 7.21).

7.1 Comparison to lisse motivic cohomology

In this subsection, we prove a comparison between motivic cohomology and lisse motivic cohomol-
ogy on general local rings (Corollary 7.12), which generalises to mixed characteristic the analogous
comparison result of Elmanto-Morrow over a field (JEM23, Theorem 7.7]). To do so, we use the
following comparison map.

Definition 7.1 (Lisse-motivic comparison map). For every integer i € Z, the lisse-motivic comparison
map is the map
Z(1)™ (=) — Z(1)™*(~)
of functors from animated commutative rings to the derived category D(Z) defined as the composite
(LAniRings/sz Z(i)da)(_) — (LAniRings/sz Z(i)mOt)(_) — Z(1)™(-),
where the first map is the map induced by Definition 3.22 and the second map is the canonical map.
Lemma 7.2. For every integer i > 0, the functor
7520 Q(i)™°%(—) : AniRings — D(Q)
is left Kan extended from smooth Z-algebras.
Proof. By [EHK*20, Example 1.0.6], connective algebraic K-theory
75K (—; Q) : AniRings — D(Q)

is left Kan extended from smooth Z-algebras. By Corollary 4.57, this implies that the functor

B ~=°( Qi)™ (-)[2i]) : AniRings — D(Q)

i>0
is left Kan extended from smooth Z-algebras, which is equivalent to the desired result. O

Corollary 7.3. Let R be an animated commutative ring. Then for every integer i > 0, the lisse-motivic
comparison map induces a natural equivalence

Q(i)lisse(R) AN T§2i Q(i)mot (R)
in the derived category D(Q).

Proof. If R is a smooth Z-algebra, the result is a consequence of Proposition 6.2 and the fact that, by
construction, the classical motivic complex Z(i)'®(R) € D(Z) is in degrees at most 2i. In general, this
is then a consequence of Lemma 7.2. O

Proposition 7.4. Let R be a local ring. Then for every integer i > 0, the lisse-motivic comparison
map induces a natural equivalence

@(i)lisse<R) N 7_9‘ Q(i)mot(R)
in the derived category D(Q). Moreover, the motivic cohomology group H?  (R,Q(3)) is zero for
i<j<2i
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Proof. The classical motivic complex Z(i)®(—) is Zariski-locally in degrees at most i (|Gei04, Corol-
lary 4.4]). By taking left Kan extension, this implies that the lisse motivic complex Z(i)1%¢ () is also
Zariski-locally in degrees at most i. In particular, the lisse motivic complex Q(i)""**¢(R) is in degrees
at most i. The result is then a consequence of Corollary 7.3. O

Remark 7.5. By Drinfeld’s theorem (|Dri06, Theorem 3.7|), the K-group K_;(R) vanishes for every
henselian local ring R. By Corollary 4.57, this implies that for every integer ¢« > 0, the motivic
cohomology group H2 (R, Q(i)) is zero, i.e., that the motivic cohomology group HZX(R, Z(i)) is
torsion.

mot

Corollary 7.6. For every integer i > 0, the functor 7= Q(i)™°, from local rings to the derived
category D(Q), is left Kan extended from local essentially smooth Z-algebras.

Proof. This is a consequence of Lemma 7.2 and Proposition 7.4. O

Proposition 7.7. Let p be a prime number, and k be an integer. Then for every integer i > 0, the
functor '
7= Z [p*(i)**(~) : Rings — D(Z /p")

is left Kan extended from smooth Z-algebras.

Proof. By Theorem 5.10, this is equivalent to the fact that the functor 7¢Z /p*(i)*"(—) on com-
mutative rings is left Kan extended from smooth Z-algebras. The functor Z /p*(i)¥"(—) is left Kan
extended from smooth Z-algebras (Notation 5.7), so this is equivalent to the fact that the functor
7247 /pF(i)*™(—) on commutative rings is left Kan extended from smooth Z-algebras. By [EM23,
Lemma 7.6], it then suffices to prove that the functor 7>?Z /p¥(i)*¥®(—) is rigid. To prove this,
consider the fibre sequence of D(Z /p*)-valued functors

RTe(—, i) — 7 /ot ()7 (=) — Z./p* ()5 (-)

on commutative rings ([BL22, Remark 8.4.4]). By rigidity for étale cohomology ([Gab94], see also
[BM21, Corollary 1.18 (1)]), the first term of this fibre sequence is rigid. The desired result is then a
consequence of Theorem 2.27. O

Corollary 7.8. Let p be a prime number, and k > 1 be an integer. Then for every integer i > 0, the
functor TSUZ JpF (i)™, from local rings to the derived category D(Z [p*), is left Kan extended from
local essentially smooth Z-algebras.

Proof. This is a consequence of Proposition 7.7. O

Lemma 7.9. Let R be a local ring, p be a prime number, and k > 1 be an integer. Then for every
integer i > 0, the natural map of abelian groups

Hyyot (R Z(1)) — Hyoo (R, Z /p"(0))
1§ surjective.

Proof. Let P — R be a henselian surjection, where P is a local ind-smooth Z-algebra. By Corollary 7.8,
the functor 79 Z /p* (i)™t is left Kan extended on local rings from local essentially smooth Z-algebras,
so the natural map of abelian groups

Hlinot(P7 Z /pk(l)) — anot (R3 Z /pk(z))
is surjective. That is, the right vertical map in the commutative diagram of abelian groups

mot

(P, Z(i)) — Hpo (P, Z [1"(1))

| |

Hiot (B, Z(1)) —— Hpoi (R, Z /p* (i)
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is surjective. To prove that the bottom horizontal map is surjective, it thus suffices to prove that
the top vertical map is surjective. The local ring P is a filtered colimit of local essentially smooth
Z-algebras, so it suffices to prove that this top vertical map is surjective for local essentially smooth
Z-algebras. To prove this, it suffices to prove that the motivic complex Z(7)™°%(—) is zero in degree i+ 1
on local essentially smooth Z-algebras. The classical motivic complex Z(i)%®(—) is Zariski-locally in
degrees at most i ([Gei04, Corollary 4.4]), so this is a consequence of Theorem 6.3. O

Corollary 7.10. Let R be a local ring. Then for every integer i > 1, the motivic cohomology group
H (R, Z(3)) is zero. If the local ring R is moreover henselian, then the motivic cohomology group

HL (R, Z(0)) is zero.

mot

Proof. By Lemma 7.9 and the short exact sequence of abelian groups

0 — Hino (R Z(1)) /p — Hipot (R Fy (i) — Hilt (R, Z(0))[p] — 0

for every prime number p and every integer i > 0, the abelian group H: (R, Z(i)) is torsionfree. By
Proposition 7.4 if ¢ > 1, and by Remark 7.5 if ¢ = 0 and R is henselian, it is also torsion, so it is

Zero. O

Theorem 7.11. For every integer i > 0, the functor TS Z(i)™°¢, from local rings to the derived
category D(Z), is left Kan extended from local essentially smooth Z-algebras.

Proof. 1t suffices to prove the result rationally, and modulo p for every prime number p. The result
rationally is Corollary 7.6. Let p be a prime number. For every local ring R, the natural map of
abelian groups

Hiot (R, Z(1)) — Hipoe (R, Fy(0))
is surjective by Lemma 7.9, so the natural map
(S 2™ (R)) [p — 7 F (i)™ (R)
is an equivalence in the derived category D(F,). The result modulo p is then Corollary 7.8. O

Note that the proof of Theorem 7.11 is similar to the proof of Elmanto—-Morrow in equicharac-
teristic. The following consequence, however, uses the comparison to classical motivic cohomology
Theorem 6.3. The proof of the latter, in any characteristic, is somehow simpler than the proof of
Elmanto-Morrow’s (stronger) comparison result to classical motivic cohomology: in particular, it does
not use a presentation lemma, or the projective bundle formula. The proof of Corollary 7.12 then
provides an alternative argument to the proof of [EM23, Theorem 7.7].

Corollary 7.12 (Comparison to lisse motivic cohomology). Let R be a local ring. Then for every
integer i > 0, the lisse-motivic comparison map induces a natural equivalence

Z(i)lisse(R) % ng‘ Z(i)mot (R)
in the derived category D(Z).

Proof. The classical motivic complex Z(i)*(—) is Zariski-locally in degrees at most i ([Gei04, Corol-
lary 4.4]). The result is then a consequence of Theorems 6.3 and 7.11. O

In the rest of this section, we restrict our attention to henselian local rings, in order to describe the
motivic cohomology group HZ,. (—, Z(1)).
Lemma 7.13. Let R be a henselian local ring, and p be a prime number. Then for any integers i > 0
and k > 1, the motivic cohomology group HT L (R, Z /pF (i) is zero.

mot
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Proof. By Theorem 5.10, the motivic cohomology group HH L (R, Z /p*(i)) is naturally identified with
the kernel of the natural map of abelian groups

HYH(Z fpF (i)™ (R) — B (Lean ™" Z /p* (1)) (R))

for every commutative ring R. If R is henselian local, let m be its maximal ideal, and consider the
natural commutative diagram

HYYZ /p* ()™ (R)) ——— B ((Lean™" Z /p* (1)) (R))

| |

HYH(Z fpF (i)™ (R/m)) —— B (Leaw™" Z /p*(i)™) (R/m))

of abelian groups. The functor 7>¢7Z /p* (i)™ is rigid (proof of Proposition 7.7), so the left vertical
map is an isomorphism. The field R/m is a local ring for the cdh topology, so the bottom horizontal
map is an isomorphism. In particular, the top horizontal map is injective. O

Proposition 7.14. Let R be a henselian local ring. Then for every integer i > 1, the motivic coho-
mology group HI2 (R, Z(i)) is zero.

Proof. By Lemma 7.13 and the short exact sequence of abelian groups

0 — Hylot (R, 2(3)) /p — Hyot (R, Fp (1)) — Higt (R, Z(0))[p] — 0

mot mot mot

for every prime number p, the abelian group Hi2 (R, Z(i)) is torsionfree. By Proposition 7.4 if i > 2,

mot
and by Remark 7.5 if 4 = 1, it is also torsion, so it is zero. O

The following example is a consequence of Example 3.9, Corollary 7.12, and Proposition 7.14.

Example 7.15. For every qcqs scheme X, the natural map
RNis (X, G [—1] — Z(1)™(X),

defined as the Nisnevich sheafification of the lisse-motivic comparison map (see also Definition 8.1), is
an isomorphism in degrees at most three. That is, the motivic complex Z(1)™°*(X) vanishes in degrees
at most zero, and there are natural isomorphisms of abelian groups

Hpot (X, Z(1)) 2 O(X)*, Hy

mot

(X,7Z(1)) = Pic(X), H3

mot

(X, Z(1)) = Hs (X, Gm).

7.2 Comparison to Milnor K-theory

In this subsection, we construct, for every integer ¢ > 1, a symbol map

KM(A) — H

mot

(4, Z(2))

for local rings A (Definition 7.18), through which we compare the Milnor K-groups to motivic co-
homology (Theorem 7.21). Note that the arguments in Lemmas 7.17 and 7.19 are very similar to
that of [EM23, Section 7], except for the Gersten injectivity for classical motivic cohomology, which is
unknown integrally in mixed characteristic.

For every commutative ring A, the lisse-motivic comparison map (Definition 7.1 and Example 3.9)
induces on H' a natural isomorphism of abelian groups

A* 2 HL (A Z().
By multiplicativity of the motivic complexes, this induces, for every integer ¢ > 0, a symbol map of
abelian groups
(Ax)®i N Hz‘

mot

(A, Z(7))-
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Lemma 7.16. For every local essentially smooth Z-algebra A, there is a natural isomorphism
Hio (4, Z(2)) 2 Ko (4)

of abelian groups.

Proof. By Theorem 6.3, the classical-motivic comparison map

Haa (A, Z(2)) — Hj

mot

(4,2(2))

is an isomorphism of abelian groups. The result is then a consequence of the Atiyah—Hirzebruch

spectral sequence for classical motivic cohomology (Remark 3.3), where we use that the classical motivic

complex Z(1)2(A) € D(Z) is concentrated in degree one (Example 3.5 and [Gei04, Corollary 4.4]). O

Lemma 7.17. Let A be a local ring. Then for every integer i > 0, the natural map of abelian groups
(A7) — Hi0 (A, Z(1))

induced by the lisse-motivic comparison map factors through the Milnor K-group Ki\/[(A)

Proof. By definition of the Milnor K-groups, it suffices to prove that the symbol map respects the
Steinberg relations. Let a € A be an element such that a and 1 — a are units in A. By multiplicativity
of the motivic complexes, it suffices to consider the case i = 2 and to prove that a ® (1 — a) is sent to
zero via the symbol map. Let Z[t] — A be the ring homomorphism sending ¢ to a, and let p C Z][t] be
the prime ideal defined as the inverse image of the maximal ideal of A via this ring homomorphism.
By naturality of the symbol map, the diagram of abelian groups

(Z[t)y)* @z (Z[t]p)* —— Haot (Z[t]y, Z(2))

! |

AX @y AX — 3 H2 (A, Z(2))

mot

is commutative. It then suffices to prove that the top horizontal arrow of this diagram sends t ® (1 —¢)
to zero. The local ring Z[t], is essentially smooth over Z, so the right vertical map of the commutative
diagram of abelian groups

(Z[t]p)* @z (Zlt)p) " ————— Ho(Z[t], Z(2))

! |

(Frac(Z[t]y))* @z (Frac(Z[t]y))* —— H,o (Frac(Z[t];), Z(2))

mot
is injective. Indeed, by Lemma 7.16 this is equivalent to the fact that the natural map
KQ(A) — KQ(FI‘&C(A))

is injective, and this is the Gersten injectivity for Ky ([GL87, Corollary 6] and [DS75, Theorem 2.2]).
It then suffices to prove that the bottom horizontal map of this diagram sends ¢ ® (1 — ¢) to zero.
This is a consequence of the fact that the symbol map to classical motivic cohomology respects the
Steinberg relation for fields ([NS89], see also [Tot92]). O

Definition 7.18 (Symbol map). Let A be a local ring. For every integer ¢ > 0, the symbol map
KM (A) — Hipor (4, Z(0))
is the natural map of abelian groups of Lemma 7.17.

Following [Ker10], for A a local ring and i > 0 an integer, we denote by KM(A) the i** improved
Milnor K-group of A.
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Lemma 7.19. Let A be a local ring. Then for every integer i > 0, the symbol map
Kiv[(A) — H;Ot (Aa Z(Z))
factors through the improved Milnor K-group IA(iVI(A)

Proof. Let M; > 1 be the integer defined in [Ker10]. If the residue field of the local ring A has at least
M; elements, then the natural map
K (4) — RM(4)

is an isomorphism of abelian groups ([Ker10, Proposition 10 (5)]). Assume now that the residue field
of the local ring A has less than M; elements. We want to prove that the symbol map
KM(4) — H!

o (A, Z(0)

factors through the surjective map KM(A4) — IAQV[(A), i.e., that every element of the abelian group
ker(KM(A) — KM(A)) is sent to zero by the previous symbol map. Let m be the maximal ideal of
the local ring A, and p be its residue characteristic. The residue field A/m of the local ring A is
isomorphic to a finite extension F, of IF,. Let £ > 1 be an integer which is coprime to the degree of
this extension, and such that p¢ > M;. As a tensor product of finite field extensions of coprime degree,
the commutative ring F, ®r, F¢ is a field. Let V' be the finite étale extension of Z,) corresponding
to the field extension F,. of F,,. The commutative ring A’ := A ®z, V is finite over the local ring
A, and the quotient A’/mA’ is a field, so the commutative ring A’ is a local A-algebra, whose residue
field has at least M; elements.

Let P, — A be a simplicial resolution of the local ring A where each term P,, is a local ind-smooth
Z-algebra, and each face map P,,, 11 — P, is a henselian surjection. By Theorem 7.11, there is then a
natural equivalence

colim 7<% Z (i)™ (P,,) = 75V Z(1)™°Y (A)

m

in the derived category D(Z). In particular, this equivalence induces a natural isomorphism
coeq (ot (P1, () == Hpngy (Po, (1)) — Hiyor (4, Z())

of abelian groups, where the motivic cohomology groups in the left term are naturally identified with
classical motivic cohomology groups by Theorem 6.3. Similarly, P, Rz, V. — A’ is a simplicial
resolution of the local ring A’ where each term P, ®z,, V is an ind-smooth V-algebra, and each face
map P11 ®z,, V = P ®z, Visa henselian surjection, so there is a natural isomorphism

coed(Hiyoy (P1 @z, Vi Z(i)) = Hioy (Po @z, V. Z(1))) — Hiou (A Z(i))

of abelian groups, where the motivic cohomology groups of the left term are naturally identified with
classical motivic cohomology groups. Classical motivic cohomology of smooth schemes over a mixed
characteristic Dedekind domain admits functorial transfer maps along finite étale morphisms, so the
previous two isomorphisms induce a transfer map

Ng : anot(A/ﬂ Z(Z)) — Hi

mot

(4, Z(2))

such that pre-composition with the natural map HY (A, Z(i)) - H! (A, Z(i)) is multiplication by £.
In particular, the kernel of the natural map H} . (A4,Z(i)) — H;,,.(A4’, Z()) is {-torsion.

Consider the commutative diagram
KM(4) ——— K4

K2

| |

Hinot (A, (1) —— Hio(A' Z(1))

mot
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of abelian groups, and let = be an element of the abelian group ker(KM(A) — IA(?/I (A)). The residue field
of the local ring A’ has at least M; elements, so the natural map KM(A’) — KM(A’) is an isomorphism
([Ker10, Proposition 10 (5)]), and « is sent to zero by the top horizontal map. In particular, the image
of = by the left vertical map is in the kernel of the bottom horizontal map, and is thus ¢-torsion by the
previous paragraph. Let ¢/ > 1 be an integer which is coprime to ¢ and to the degree of F, over F,,
and such that pel > M;. The previous argument for this integer ¢/ implies that the image of = by the
left vertical map is also #’-torsion, hence it is zero. O

Conjecture 7.20. Let A be a local ring. Then for every integer ¢ > 0, the natural map

Ki\/l (A) — anot

(A, Z(i))
induced by Lemma 7.19 is an isomorphism of abelian groups.

The previous conjecture was proved by Elmanto-Morrow for equicharacteristic local rings ([EM23,
Theorem 7.12]). Their proof uses as an input the analogous result in the smooth case for classical
motivic cohomology, which is unknown in mixed characteristic (see Remark 7.22).

Theorem 7.21 (Singular Nesterenko—Suslin isomorphism with finite coefficients). Let A be a henselian
local ring. Then for any integers i > 0 and n > 1, the natural map

KM(A)/n — H (A, Z(i))/n

mot
is an isomorphism of abelian groups.

Proof. 1If the local ring A contains a field, then the natural map

KM(A) — Hi,,

(4, Z(2))

is an isomorphism of abelian groups ([EM23, Theorem 7.12]). Otherwise, A is a henselian local ring
of mixed characteristic (0, p) for some prime number p. In particular, the local ring A is p-henselian.
If p does not divide the integer n, then consider the commutative diagram

KM(A)/n —— H' (A, Z(i))/n

mot

l l

KM (A/p)/n —— Hiuo(A/p,Z(0)) /1
of abelian groups. The left vertical map is an isomorphism by [Kerl0O, Proposition 10(7)]. By
Lemma 7.9 and Corollary 5.6, the right vertical map is naturally identified with the natural map

of abelian groups . ) ] )
Hz’et (Av /j‘%l) — H(lét (A/pa /“L%n)?

which is an isomorphism by rigidity of étale cohomology ([Gab94], see also [BM21, Corollary 1.18 (1)]).
The local ring A/p is an Fp-algebra, so the bottom horizontal map is an isomorphism (J[EM23, The-
orem 7.12]), and the result is true in this case. It then suffices to prove that for every integer k > 1,

the natural map R .
K (A) /0" — Hyo0 (A, Z(0) /0"

mot
is an isomorphism of abelian groups. By Lemma 7.9 and Corollary 5.11, the natural map
Hino (4, Z(0)) /P — HY(Z /p" ()PM5(A))
is an isomorphism of abelian groups. By [LM23, Theorem 3.1], the composite map

KM(A)/p* — Hio, (A, Z(0))/p* — HI(Z /p" ()PM5(4))

mot

is an isomorphism of abelian groups, hence the desired result. O
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Remark 7.22. If Conjecture 7.20 is true for local ind-smooth Z-algebras, then the left Kan extension
properties [LM23, Proposition 1.17] and Theorem 7.11 imply that Conjecture 7.20 is true for all local
rings. See the proof of [EM23, Theorem 7.12] for more details.

Remark 7.23. Let A be a local essentially smooth Z-algebra, ¢ > 0 be an integer, and consider the
commutative diagram

Ki\/[(A) . anot(A7Z(i))

l !

KM (Frac(A)) —— H! . (Frac(A), Z(i))

mot

of abelian groups. The bottom horizontal map is an isomorphism by the Nesterenko—Suslin isomor-
phism for fields ([NS89], see also [EM23, Theorem 7.12]). The left vertical being injective then implies
that the top horizontal map is injective. That is, the Gersten injectivity conjecture for the improved
Milnor K-groups would imply the injectivity part of Conjecture 7.20. Knowing the Gersten injectiv-
ity conjecture for the motivic cohomology group H’ .(—,Z(i)) would imply that these two facts are
equivalent. See [Liid22] for related results on the Gersten conjecture for improved Milnor K-groups.
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8§ THE PROJECTIVE BUNDLE FORMULA

In this section, we prove that the motivic complexes Z(i)™°t satisfy the projective bundle formula

(Theorem 8.16) and regular blowup excision (Theorem 8.15). This implies in particular that the
presheaves Z(i)™°® fit within the recent theory of non-Al-invariant motives of Annala—Iwasa [AI23]
and Annala—Hoyois-Iwasa [AHI23, AHI24].

8.1 First Chern classes

In this subsection, we construct the motivic first Chern class (Definition 8.1) in order to formulate
the projective bundle formula (Theorem 8.16).

Definition 8.1 (Motivic first Chern class). Let X be a qcqgs derived scheme. The motivic first Chern
class is the natural map
A0t RUNis (X, Gy ) [—1] — Z(1)™%(X),

in the derived category D(Z), defined as the Nisnevich sheafification of the natural map of presheaves
(7="RTzar (=, Gin)) [-1] — Z(1)™°"(-)
induced by Definition 7.1 and Example 3.9. We also denote by
et Pie(X) — H2 (X, Z(1))

mot
the map induced on H?.

Remark 8.2. The motivic first Chern class of Definition 8.1 is uniquely determined by its naturality,
and the fact that it is given by the map of Definition 3.22 on smooth Z-schemes.

For every qcgs scheme X, the line bundle O(1) € Pic(PL), via the multiplicative structure of the
motivic complexes Z(7)™°' induces, for every integer i € Z, a natural map

AU O() : 2 — 1) (BY)[-2] — Z()™ (P

in the derived category D(Z). If 7 : P, — X is the canonical projection map, this in turn induces a
natural map

T @ PN (O(1)r"  Z(1)N(X) & Z(i — 1) (X)[-2) — Z(0)™ (Px) (2)

in the derived category D(Z). The aim of the following section is to prove that this map is an
equivalence (Theorem 8.7). To prove such an equivalence, we will need compatibilities with other first
Chern classes.

Construction 8.3 (P!-bundle formula for additive invariants). Following [EM23, Section 5.1], every
additive invariant E of Z-linear co-categories in the sense of [HSS17, Definition 5.11] admits a natural
first Chern class, inducing a natural map of spectra

@ (1 —c)(O(=1))r* : BE(X) @ E(X) — E(PY).
For every additive invariant of Z-linear co-categories, this map is an equivalence ([EM23, Lemma 5.6]).

Remark 8.4 (Compatibility with filtrations). If the additive invariant E of Z-linear oco-categories,
seen as a presheaf of spectra on qcgs schemes, admits a multiplicative filtered refinement Fil* E which
is a multiplicative filtered module over the lisse motivic filtration Filjj;, K" (Definition 3.7),% then
this map has a natural filtered refinement

™ @ (1 —c1)(O(=1))7* : Fi*E(X) @ FiI* ' E(X) — Fil*E(PY)

by [EM23, Construction 5.11 and Lemma 5.12]. If F is algebraic K-theory, equipped with the motivic
filtration Fil}; (K (Definition 3.19), the argument of [EM23, Lemma 5.12] and Remark 8.2 imply that

mot
this map recovers, up to a shift, the map (2) on graded pieces.

8The lisse motivic filtration Filfj K™ is usually defined only on affine schemes. Here the argument works if Fil*E
is a Zariski sheaf of filtered spectra on gcqs schemes, and if its restriction to affine schemes is a multiplicative filtered

module over the lisse motivic filtration Filjj K",
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Example 8.5 (Compatibility with cdh-local motivic cohomology). The multiplicative cdh-local fil-
tration Fil’y, KH (Definition 3.10) is naturally a module over the multiplicative filtration Fil’ K
(e.g., because cdh sheafification preserves multiplicative structures), so the first Chern class for the
cdh-local motivic complexes of [BEM] is compatible with the motivic first Chern class of Definition 8.1.

Example 8.6 (Compatibility with syntomic cohomology). Let X be a qcqs scheme, and p be a prime
number. By [BEM], the syntomic first Chern class of [BL22, Section 7] is compatible with the motivic
first Chern class of Definition 8.1 via the motivic-syntomic comparison map (Construction 5.8). Note
here that the motivic-syntomic comparison map can be seen as the map induced on graded pieces from
a multiplicative map of filtered spectra

Fil;, K (X;Z,) — Fil;

mot mot

KSE] (X7 ZP))

where the target is the filtration on p-completed Selmer K-theory ([BL22, Remark 8.4.3]). These
motivic and syntomic first Chern classes then coincide with the first Chern classes coming from the
additive invariants K(—;Z,) and K5(—;Z,) (Remark 8.4).

8.2 P!-bundle formula

In this subsection, we prove that the motivic complexes Z(i)™°" satisfy the P'-bundle formula on
qcgs schemes (Theorem 8.7). Note that the P!-bundle formula is unknown for the cdh-local motivic
complexes Z(7)°" on general qcgs schemes.” The cartesian square of Remark 3.20 thus cannot be used
directly to prove the P!-bundle formula for the motivic complexes Z(i)™°t, as was done by Elmanto—
Morrow in equicharacteristic ([EM23, Section 5]). Instead, we use in a crucial way our main result on
p-adic motivic cohomology (Theorem 5.10), and a degeneration argument using Selmer K-theory.

Theorem 8.7 (P!-bundle formula). Let X be a qcgs scheme, and 7 : PY — X be the canonical
projection map. Then for every integer i € Z, the natural map

7 O < B()™H (X) © Z(i — 1) (X)[-2] — B (BY)
is an equivalence in the derived category D(Z).

Using Theorem 5.10, the proof of Theorem 8.7 will reduce to the proof of a similar equivalence for
the cdh sheaves (Leanm” " Fp (1)) (—) (Proposition 8.14). Most of this section is devoted to the study
of these cdh sheaves.

Lemma 8.8. Let p be a prime number. Then for any integers i,j > 0 and k > 1, the natural sequence
LNisT>jRFét(*,j!#§ki) — (Lais T Z /pR (1)) (=) — (Lyis™7 Z /9" (1) BM5) ()
is a fibre sequence of D(Z [p*)-valued presheaves on qcgs schemes.

Proof. The three presheaves are finitary Nisnevich sheaves, so it suffices to prove the result on henselian
local rings ([CM21, Corollary 3.27 and Example 4.31]). Let A be a henselian local ring. By [BL22,
Remark 8.4.4], there is a natural fibre sequence

RFét(Aaj!M?ki) — Z/pk(z-)syn(A) N Z/pk(i)BMS (A)
in the derived category D(Z /p"), so it suffices to prove that the natural map
Z/pk'(i)syn(A) — Z/pk(i)BMS(A)

is surjective in degree j. If p is invertible in the henselian valuation ring A, the target of this map is
zero. If p is not invertible in A, then the valuation ring A is p-henselian, and this map is an equivalence
(Notation 5.7). O

9More precisely, Bachmann—Elmanto-Morrow proved in [BEM] that if a qcqs scheme X satisfies the condition Val(X)
(Section 10.2), then the cdh-local motivic complexes Z(i)°" satisfy the P!-bundle formula at X. In particular, the
P'-bundle formula is known for these complexes over a field, and over a mixed characteristic perfectoid valuation ring
by the results of [Bou23], but not on general qcqs schemes.
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Lemma 8.9. Let p be a prime number, and V be a rank one henselian valuation ring of mized
characteristic (0,p). Then for any integers i > 0 and k > 1, the complex

(Leant™" BTt (—, i) (Py) € D(Z /p*)
is concentrated in degree i + 1.19

Proof. The presheaf Leqn7” ' RTg(—, j!u?ki) is the cdh sheafification of a presheaf taking values in
degrees at least ¢ + 1, so it takes values in degrees at least ¢ + 1. To prove that the complex

(Lean" Rl ey (=, i) (Py) € D(Z /p)
is in degrees at most i + 1, consider the fibre sequence
(Lean™="RTet(—, jipsy)) (Py;) — RUex(Pyr, i) — (Leant ™ Rlex(— i )) (Py,)

in the derived category D(Z /p”), which is a consequence of arc descent for the presheaf RT'¢(—, ji u?,f )
(IBM21, Theorem 1.8]). The scheme P{, has valuative dimension two, so the complex

(LcthSiRFét(_vj!N?ki))(P%/) € D(Z /p*)

is in degrees at most i + 2 ([EHIK21, Theorem 2.4.15]). By the P!-bundle formula for the presheaves
RTe(—, 4 uf’,}) ([BL22, proof of Theorem 9.1.1]), there is a natural equivalence

RTet(V, jipn5) & RTat (V, juil ™ D)[~2] — RTet (P, i)

in the derived category D(Z /p*). The functors RTe(—, i uf?,f) and RDg (—, 7 ufk(i_l)) are moreover
rigid ([Gab94], see also [BM21, Corollary 1.18 (1)]) and the valuation ring V" is p-henselian, so the com-
plex Rrét(]P)%/,j!,u?kl) € D(Z /p*) is zero. This implies that the complex (Lcth>iRrét(77j!H§;))(]P)%/)

is naturally identified with the complex
(LeanT='RTet(—, 1)) (PY)[1] € D(Z [p"),
and is thus in degrees at most i + 1. O

Following |[EHIK21|, we say that a D(Z)-valued presheaf on qcqs schemes satisfies henselian v-
excision if for every henselian valuation ring V' and every prime ideal p of V', this presheaf sends the
bicartesian square of commutative rings

V——

| |

Vip —— Vu/pVy

to a cartesian square. Note that in the previous bicartesian square, all the commutative rings are
henselian valuation rings by [EHIK21, Lemma 3.3.5]. The following lemma explains how to use
henselian v-excision to prove that a map of cdh sheaves is an equivalence.

Lemma 8.10. Let S be a qcqs scheme of finite valuative dimension, C be a oco-category which is
compactly generated by cotruncated objects, and F,G : Sch& P — C be finitary cdh sheaves satisfying
henselian v-excision. Then a map of presheaves F' — G is an equivalence of presheaves if and only if
the map F(V) — G(V) is an equivalence in C for every henselian valuation ring V' of rank at most
one with a map Spec(V) — S.

10We will prove, at the end of Proposition 8.12, that this complex is actually zero.
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Proof. By [EHIK21, Proposition 3.1.8 (2)|, a map F' — G is an equivalence of presheaves if and only if
it is an equivalence on henselian valuation rings over S. The presheaves F' and G being finitary, this
is equivalent to the fact that it is an equivalence on henselian valuation rings of finite rank over S. By
induction, and using henselian v-excision, this is in turn equivalent to the fact that it is an equivalence
on henselian valuation rings of rank at most one over S. O

Lemma 8.11. Let p be a prime number. Then for any integers i > 0 and k > 1, the D(Z /p*)-valued
presheaves (Leant” ' Z [p* (1)) (=) and (Lean7*Z /p*(i)¥™)(PL) are finitary cdh sheaves on qcgs
schemes, and satisfy henselian v-excision.

Proof. The presheaf Z /p¥(i)s¥™ is finitary, and the cdh sheafification of a finitary presheaf is a finitary
cdh sheaf (Lemma 4.58), so the presheaf (Lean7”"Z /p*(i)®™)(—) is a finitary cdh sheaf. Covers in a
site are stable under base change, so the presheaf

(Lcdh7'>i Z /pk (i)syn) (]P)lf)

is also a finitary cdh sheaf. Henselian valuation rings are local rings for the cdh topology, and
the presheaves T>iRFét(—,j!u§k’) and 7217 /p*(i)BMS are rigid (|Gab94] and Theorem 2.27), so the
presheaves

(Leanm RTat(=, i) (=) and  (Leant™" Z /p"(i)"%) (-)

satisfy henselian v-excision. By Lemma 8.8 (applied for j = ¢ and after cdh sheafification), the presheaf
(LeanT>"Z /p*(i)®™)(—) then satisfies henselian v-excision. Finally, the presheaf

(Leant™" Z [p* (1)) (PL)

satisfies henselian v-excision, as a consequence of [EHIK21, Lemma 3.3.7], and henselian v-excision for
the presheaf (Lean7>"Z /p* (i)™ (—). O

For every qcgs scheme X, the compatibilities between the motivic and syntomic first Chern classes
of Section 8.1 imply that the natural diagram

Z /()N (X) @ 7 k(i — 1)men(X) [—2] " 2 OO ok jymot (B
Z Jp Y (X) @ Z [t (i — 1) (X) 2] QD e ysn ()

is commutative. We define the natural map
(Lean™ Z /P (1) )(X) @ (Leant™ " Z /p*(i = 1)) (X)[~2] — (LeanT ™" Z /" (D)) (B )

in the derived category D(Z /p*) as the map induced, via Theorem 5.10, by taking cofibres along the
vertical maps of this commutative diagram.

Proposition 8.12. Let p be a prime number, and V be a rank one henselian valuation ring of mized
characteristic (0,p). Then for any integers i > 0 and k > 1, the natural map

T L PPN V) @ (1L PR = 1)(V))[2] — (Lean ™" Z /p" (1)) (Py)
is an equivalence in the derived category D(Z [p*).
Proof. The valuation ring V is p-henselian, so the natural maps
L@ V) — 7L )P ()
and

(2 ot =1 V) 2] — (7R PYSV)) -2
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are equivalences in the derived category D(Z /p*). We first prove that the induced map
T L @M (V) @ (r 2 /pk (i - 1)PYS(V)) 2] — (Leant ™" Z /0" (6)PMF) (PY)

is an equivalence in the derived category D(Z /p*). Let x be the residue field of V. By the rigidity
property Theorem 2.27, the natural maps

L EENS(V) — 7 )P ()

and
(2t = DRV (V) [-2] — (72 /P (- )PV (R)) [-2)

are equivalences in the derived category D(Z /p”*). By Corollary 6.6, the natural map
(Lean™" Z /p* (0)PM3) (PY,) — (Leant™ " Z /9" (1)) (PY, )

is an equivalence in the derived category D(Z /p*). The presheaf (Leqn7" Z /p*(i)BMS)(PL) is more-
over a finitary cdh sheaf, so it is invariant under nilpotent extensions. In particular, the natural
map

(Leanm™ " Z /9" ()PM5) (BY ) — (Lean ™" Z /0" (1)°M°) (P})

is an equivalence in the derived category D(Z /p*). It then suffices to prove that the natural map
TUL ()P () @ (772 /PR (i = 1)PME(R)) 2] — (LeanT™' Z /0" ()PVF) ()

is an equivalence in the derived category D(Z /p*), and this is a consequence of the P'-bundle for-
mula on characteristic p fields for the presheaves Z /p* (i)™ (IBEM]) and Lean Z /p*(i)BMS (JEM23,
Lemma 5.17]).

We prove now that the natural map

T LR @)NV) @ (17 L (= 1)(V)) [<2] — (Lean " Z /M (0)) (Py)

is an equivalence in the derived category D(Z /p*). By Lemma 8.8 (applied for j = i and after cdh
sheafification), we just proved that the cofibre of this map is naturally identified with the complex

(Lean™ RTwt(—, %)) (BY) € D(Z /o),
By Example 8.6, these complexes, indexed by integers ¢ > 0, form the graded pieces of the filtered
spectrum defined as the cofibre of the natural map of filtered spectra

Fil%, K (X;Z /p*) —> Fil’

mot

KX, Z /p").

The cofibre of the natural map K(—;Z /p*) — K> (—;Z /p*), as a cofibre of two additive invariants
of Z-linear oo-categories, is an additive invariant of Z-linear oo-categories and, as such, satisfies the
P-bundle formula (JEM23, Lemma 5.6]). This filtration then induces a spectral sequence

By = B ((Lean™ ~ RTat (—, juii ")) (BY)) = 0.

By Lemma 8.9, for every integer i > 0, the complex (Lcdh7->"RFét(—,j;uf?,f))(l?’%,) € D(Z /p*) is
concentrated in degree 741, so this spectral sequence degenerates. This implies the desired equivalence.
O

Remark 8.13. The proof of Proposition 8.12 uses a reduction to the case of fields of characteristic p,
where the result is a consequence of the P!-bundle formula for the presheaves Z /p*(i)°d® (|[BEM]) and

Lean Z /" (1)BMS ([EM23, Lemma 5.17]). Tt is however possible to bypass these two results and prove
directly the P'-bundle formula on fields of characteristic p for the presheaves Leqn7% 7Z /p"(1)BM3, by
imitating the degeneration argument of [EM23, Lemma 5.17].
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Proposition 8.14. Let X be a qcgs scheme, and p be a prime number. Then for any integers i > 0
and k > 1, the natural map

(Leant™* Z [p" ()" ) (X) @ (Leant™ "' Z /p* (i = ™) (X)[=2] — (Lean™™" Z /" (0)*") (P )
is an equivalence in the derived category D(Z /p").

Proof. The presheaves Lean7”*Z /p*(i)™™ and (Leant*Z /p*(1)™") (PL) are finitary cdh sheaves on
qcgs schemes, and satisfy henselian v-excision (Lemma 8.11). It then suffices to prove the desired
equivalence for henselian valuation rings of rank at most one (Lemma 8.10). Let V be a henselian
valuation ring of rank at most one.

If p is invertible in the valuation ring V', then this is equivalent to proving that the natural map

77 Rl (V, /Lff’,f) @ (77" RTe (V, ufk(i_l))) [—2] — (LeanT "Rl (—, M?xf)) (Py)

is an equivalence in the derived category D(Z /p*). For every integer i > 0, there is a fibre sequence
of D(Z /p*)-valued presheaves

Z JpF (@) (=) — Rrét(_alj'?ki) — Lean™ "RTet(—, Mfki)

on qegs Z[%]—schemes (IBEM]). The desired equivalence is then a consequence of the P!-bundle formula

on qcgs Z[%]—schemes for the presheaf Z /p* (i) ([BEM]) and the presheaf RI'¢(—, Mf’ki) ([BL22, proof
of Theorem 9.1.1]).

If p is zero in the valuation ring V, then this is a consequence of the P!-bundle formula on qgcqgs
FF,-schemes for the presheaves Z /p*(i)°!" (|[BEM]) and Leqn Z /p"(i)BMS (JEM23, Theorem 5.14]).

If p is neither invertible nor zero in the valuation ring V', then V is a rank one henselian valuation

ring of mixed characteristic (0, p), and the result is Proposition 8.12. O

Proof of Theorem 8.7. It suffices to prove the result rationally, and modulo p for every prime number p.
Rationally, the Atiyah—Hirzebruch spectral sequence degenerates (Theorem 4.1), so the result is a
consequence of the P'-bundle formula for algebraic K-theory (Section 8.1). Let p be a prime number.
By Theorem 5.10, for every integer ¢ € Z, there is a fibre sequence of D(F,)-valued presheaves on qcqs
schemes ‘
Fp(i)™ (=) — Fp (i) (=) — (Lean7”" Fp()™") ().
By [BL22, Theorem 9.1.1], the natural map
@ M (OL)m" : Fy(i)™ (X) @ Fy(i — 1) (X)[-2] — Fp ()" (Px)

is an equivalence in the derived category D(F,). The result modulo p is then a consequence of Propo-
sition 8.14. O

8.3 Regular blowup and projective bundle formulae

In this subsection, we prove the regular blowup formula for the motivic complexes Z(i)™°® (The-
orem 8.15). By an argument of Annala-Iwasa, this and the P!-bundle formula imply the general
projective bundle formula for the motivic complexes Z(i)™°* (Theorem 8.16).

Theorem 8.15 (Regular blowup formula). Let Y — Z be a reqular closed immersion of qcqs schemes.'!

Then for every integer i > 0, the commutative diagram

Z(i)™*(Z) ————— Z(H)™(Y)

| |

Z(i)™ (Bly (Z)) —— Z(i)™*(Bly(Z) xz Y)

is a cartesian square in the derived category D(Z).

1A morphism Y — Z is a regular closed immersion if it is a closed immersion, and if Z admits an affine open cover
such that Y is defined by a regular sequence on each of the corresponding affine schemes.
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Proof. It suffices to prove the result rationally, and modulo p for every prime number p. By definition,
a cdh sheaf sends an abstract blowup square to a cartesian square, and in particular satisfies the
regular blowup formula. By Corollary 4.68, the regular blowup formula for the presheaf Q(i)™°! is
then equivalent to the regular blowup formula for the presheaf RT'z,,(— ,LQT@ ). And the regular

blowup formula for the presheaf RI'z,,(—, LQfg /Q) is a consequence of the fact that for every integer

j >0, the presheaf RI'za,(—, ILj_/ 5 ®7 Q) satisfies the regular blowup formula ([BL22, Lemma 9.4.3]).

Let p be a prime number. Similarly, Corollary 3.25 implies that the regular blowup formula for the
presheaf F,,(i)™°" is equivalent to the regular blowup formula for the presheaf F,,(i)2MS. By [AMMN?22,
Corollary 5.31], there exists an integer m > 0 and an equivalence of presheaves

By ()PMS(—) <5 fib(cam — 65 - (W'D {i}NZH™D_{i})/p — (B_{i}/NZH"A_{i})/p).

In particular, it suffices to prove that for every integer j > 0, the presheaf NVA_ /p satisfies the regular
blowup formula. By [BL22, Remark 5.5.8 and Example 4.7.8], there is a fibre sequence of presheaves

NJA {}/p—>F11C0n‘]A / Zp [[m]/p—>FﬂCOHJA / Zyp [[f,]]/p

The presheaves Filj.o“JZ, /2,[5)/P and Filj(infl, /z,[5)/P have finite filtrations with graded pieces given
by modulo p powers of the cotangent complex, and the result is then a consequence of the regular
blowup formula for powers of the cotangent complex ([BL22, Lemma 9.4.3]). O

Theorem 8.16 (Projective bundle formula). Let X be a gcqs scheme, v > 1 be an integer, £ be a
vector bundle of rank r + 1 on X, and 7 : Px(E) — X be the projectivisation of £. Then for every
integer i € Z, the natural map

Zcm QBZ oL (X0)[-27] — 2™ (Px (€))

is an equivalence in the derived category D(Z).
Proof. By Zariski descent, it suffices to consider the case where the vector bundle £ is given by Ag(+1,
i.e., to prove that the natural map

Zcmot @Z mot )[ 2.]] N Z( )mot (Pr )

is an equivalence in the derived category D(Z). The presheaves Z(i)™°* satisfy the P!-bundle formula
(Theorem 8.7). Moreover, for every qcgs scheme X and every integer m > 0, they send the blowup
square

PR —— Bly (AT
X —2 5 aptt

to a cartesian square in the derived category D(Z) (Theorem 8.15, in the special case where the regular
closed immersion Y — Z is the zero section X — AZ™!). By the argument of [AI23, Lemma 3.3.5],
these two properties imply, by induction, the desired projective bundle formula. O

In the following result, denote by Z(i)%°" : SmY — D(Z) the Zariski sheaves on smooth schemes
over X induced by restriction of the motivic complexes Z(7)™°*.

Corollary 8.17 (Motivic cohomology is represented in motivic spectra). For every qcgs scheme X,
the motivic complezes {Z(i)3° };cz are represented by a P'-motivic spectrum in the sense of [AI23].

Proof. By definition of P'-motivic spectra, this is a consequence of elementary blowup excision (which
is a special case of Theorem 8.15) and the P!-bundle formula (Theorem 8.7). O
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9 MoTivic WEIBEL VANISHING AND PRO CDH DESCENT

In this section, we study the motivic complexes Z(i)™°" on noetherian schemes. We prove a general
vanishing result which refines Weibel’s vanishing conjecture on negative K-groups (Theorem 9.27),
and prove that they coincide with Kelly-Saito’s pro cdh motivic complexes Z(7)P*°°d" (Theorem 9.32).
The key input for both these results is the fact that the motivic complexes Z(i)™°" satisfy pro cdh
excision (Theorem 9.23), i.e., that they send abstract blowup squares to pro cartesian squares.

Notation 9.1 (Abstract blowup square). An abstract blowup square (of noetherian schemes) is a
cartesian square

Y —— X'

I g

Y — X

of qcqs schemes (resp. of noetherian schemes) such that X’ — X is proper and finitely presented,
Y — X is a finitely presented closed immersion, and the induced map X'\ Y’ — X \Y is an iso-
morphism. In this context, we also denote, for every integer » > 0, by rY (resp. rY’) the r — 15
infinitesimal thickening of Y inside X (resp. of Y’ inside X’).

We use Kelly—Saito’s recent definition in [KS24] of the pro cdh topology to encode the fact that a
Nisnevich sheaf (e.g., the motivic complex Z(7)™°") satisfies pro cdh excision. Kelly-Saito proved in
particular that if S has finite valuative dimension and noetherian topological space, then the pro cdh
topos of S is hypercomplete and has enough points. For our purposes, the following definition will be
used only for noetherian schemes S.

Definition 9.2 (Pro cdh descent, after [KS24]). Let S be a qcqs scheme. A pro cdh sheaf on finitely
presented S-schemes is a presheaf
F : Sch™P — D(z,)

satisfying Nisnevich descent, and such that for every abstract blowup square of finitely presented
S-schemes (3), the natural commutative diagram

F(X) — F(X')

| |

{(FOY)}y —— {F @Y}

is a weakly cartesian square of pro objects in the derived category D(Z).!?

9.1 Pro cdh descent for the cotangent complex

In this subsection, we review the pro cdh descent for powers of the cotangent complex on noetherian
schemes (Proposition 9.9). On finite-dimensional noetherian schemes, this is [Mor16, Theorem 2.10].
On general noetherian schemes, the proof follows the sketch presented in [EM23, proof of Lemma 8.5].
In particular, the arguments are exactly as in [Morl6], except for the following generalisation of
Grothendieck’s formal functions theorem ([Gro61, Corollary 4.1.7]), where the finite dimensionality
hypothesis is removed. We give some details for the sake of completeness.

For every commutative ring A, recall that a pro A-module {M, }, is zero if for every index r, there
exists an index 7’ > r such that the map M,» — M,. is the zero map. Similarly, a map {M,}, — {N,}.
of pro A-modules is an isomorphism if its kernel and cokernel are zero pro A-modules. We say that a
pro object {C.}, in the derived category D(A) is weakly zero if all its cohomology groups are zero pro

12By this, we mean that all the cohomology groups of the total fibre of this commutative square are zero as pro abelian
groups. All the presheaves F' that we will consider (most importantly, the presheaves Z(i)™°t) are bounded above on
noetherian schemes, by a constant depending only on the dimension of their input (for the motivic complexes Z(i)™°t,
this is Proposition 4.50); this definition of weakly cartesian square will then be equivalent to being weakly cartesian in
the stable co-category of pro objects in the derived category D(Z), in the sense of [LT19, Definition 2.27].
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A-modules. Note that all the pro complexes that we will consider are uniformly bounded above, so
this definition is equivalent to being weakly zero in the stable co-category of pro objects in the derived
category D(A) ([LT19, Definition 2.27]). Similarly, we say that a map {C,}, — {C.}, of pro objects
in the derived category D(A) is a weak equivalence if its fibre is weakly zero as a pro object in the
derived category D(A).

Lemma 9.3 (Formal functions theorem, after Lurie [Lur19]). Let A be a noetherian commutative ring,
I be an ideal of A, X be a proper scheme over Spec(A), and X} be the formal completion of X along
the vanishing locus of I. Then for every coherent sheaf F over X, the natural map

RU 74 (X, F) — RUza: (X, F})

where F{* is the pullback of F along the natural map X{ — X, exhibits the target as the I-adic
completion'® of the source in the derived category D(A). More precisely, the natural map

{RT 74: (X, F)/I"}r — {RT 200 (X Xspec(ay Spec(A/I7), F @%, Ox/I"Ox)}r
is a weak equivalence of pro objects in the derived category D(A).

Proof. The first statement is a special case of [Lur19, Lemma 8.5.1.1]. The second statement, although
a priori stronger, follows by an examination of the previous proof (and in particular, the proof of [Lur19,
Lemma 8.1.2.3]). O

Lemma 9.4. Let A be a noetherian commutative ring, and X be a proper scheme over Spec(A). Then
for any integers j > 0 and n € Z, the A-module Hy, (X, L7 ) is finitely generated.

Proof. The scheme X is of finite type over Spec(A), so the Ox-module ’H,Qar(—,]LJ_/A) is coherent.
Because X is proper over Spec(A), its cohomology groups are thus finitely generated A-modules. [

Corollary 9.5. Let A be a noetherian commutative ring, I be an ideal of A, and X be a noetherian
scheme which is proper over Spec(A). Then for any integers j > 0 and n € Z, the natural map

{HZar(X7 LJ;/A)/IT}T — {Hgar(Xv L{/A ®H(5X OX/ITOX)}T
is an isomorphism of pro A-modules.
Proof. By Lemma 9.4 and its proof, all the terms in the hypercohomology spectral sequence
B3 =Hy, (X, Hy (= j—/R)) — Hy (X, L L)

are finitely generated A-modules. The functor {— ®4 A/I"}, is exact on the category of finitely
generated A-modules ([Mor16, Theorem 1.1 (ii)]), so it induces a spectral sequence of pro A-modules

Ey® = {Hy,, (X vH%ar(_aL{/A))/Ir}r — {H (X, 1 L R

Zar

It then suffices to prove that the natural map of pro A-modules
Dar (X 1 (= L7 /T — (B (X HE, (-1 ©6, Ox/I"Ox))}s
is an isomorphism for all integers p,q > 0. The natural map

{HG o (X, M (= L )/ T Y — (B (X, Y, (L7 ,) & A/},

is an isomorphism by Lemma 9.3 applied to the coherent sheaf H7, (—,L_,4) on X, and the natural
map

{H

{HD, (X, G, (— L) @l AJI) ), — {HD, (X G, (— L7, &, Ox/I"0x))},

is an isomorphism by [Morl6, Lemma 2.3]. O

13The cohomology groups of these coherent sheaves are finitely generated A-modules (because X is proper over
Spec(A)), so the derived I-adic completion and the classical I-adic completion coincide in this context.
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Lemma 9.6. Let A be a noetherian commutative ring, I be an ideal of A, and X be a proper scheme
over Spec(A) such that the induced map X \ V(IOx) — Spec(A) \ V(I) is an isomorphism.

(1) For any integers j > 0 and n € Z, the natural map
{ %ar(X,L{/A ®H@X ITOX)}T — {IT gar(XvL{/A)}T
is an isomorphism of pro A-modules.

(2) For any integers j > 0 and n € Z such that (j,n) # (0,0), the A-module H}, (X,L7

n

by a power of I; in particular, the pro A-module {I"H}, (X, L{/A)},« 18 zero.

/A) is killed

Proof. (1) The short exact sequence 0 — {I"Ox}, - Ox — {Ox/I"Ox}, — 0 of pro Ox-modules
induces a long exact sequence

E g Hgar(X7Lj,/A ®H(5X ITOX)}T — Hgar(X7Lj;/A) — {Hgar(X7Lj;/A ®H(5X OX/ITOX)}T —

of pro A-modules. By Corollary 9.5, the boundary maps of this long exact sequence vanish, hence the
natural map _ _
{Hgar(X’Li/A ®Héx ITOX)}T’ —>{Ir gar(X’Li/A)}T

is an isomorphism of pro A-modules. '
(2) By Lemma 9.4, the A-module Hy, (X, LJ_/A) is finitely generated. Because the map

X\ V(IOx) — Spec(A)\ V(1)

is an isomorphism, this A-module is moreover supported on V(I) if (j,n) # (0,0). If (j,n) # (0,0),
this implies that the A-module Hz,.(X,L7 ,) is killed by a power of I. O

Corollary 9.7. Let A be a noetherian commutative ring, I be an ideal of A, and X be a proper scheme
over Spec(A) such that the induced map X \ V(IOx) — Spec(A) \ V(I) is an isomorphism. Then for
every integer j > 0, the natural map

(L)), @4 I} — (R0 (X, L7, @6, I"Ox)},
is a weak equivalence of pro objects in the derived category D(A).

Proof. By Lemma, 9.6, and for any integers n,a,b € Z, the pro A-module
{Hn(qu/Z ®HA H%ar(Xv ]Lli/A ®E(5X ITOX))}T

is zero, except if (a,b) = (0,0). By transitivity for the powers of the cotangent complex (see the proof
of [Morl6, Lemma 2.8 (i7)] for more details), this implies that the natural map

{H"(L, 5, ®4 Hpoo (X, I7Ox))}r — {Hpo (X, L7, @6, I"Ox)}s

is an isomorphism of pro A-modules. Let B be the A-algebra Hy, (X, Ox). Applying Lemma 9.6 (1)
for j = n = 0, it then suffices to prove that the natural map {I"}, — {I"B}, is an isomorphism of
pro A-modules. The A-algebra B is finite and isomorphic to A away from the vanishing locus of I, so
the kernel and cokernel of the structure map A — B are killed by a power of I. The result is then a

formal consequence of [Morl6, Theorem 1.1 (ii)]. O

Lemma 9.8. Let Y — X be a closed immersion of noetherian schemes, and I be the associated ideal
sheaf on X. Then for every integer j > 0, the natural map

{RT7ae(X, 1, @5, Ox/T")}r — {RT 70 (1Y, L7, )},

is a weak equivalence of pro objects in the derived category D(A).
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Proof. The scheme X is noetherian, hence quasi-separated, so we may assume by induction that X is
affine. In this case, the result is [Mor18a, Corollary 4.5 (i7)]. O

Proposition 9.9. Let j > 0 be an integer. Then for every abstract blowup square of noetherian
schemes (3), the natural commutative diagram

RUz0(X, L7 ;) —— RTza: (X', L7 )

| |

{RFZar (’)”Y, ]LJ,/ Z)}’I" — {RFZar (TY/, LJ,/ Z)}T

is a weakly cartesian square of pro objects in the derived category D(Z). In particular, the presheaf
RFZM(—,LJ_/Z) is a pro cdh sheaf on noetherian schemes.

Proof. The scheme X is noetherian, hence quasi-separated, so we may assume by induction that X is
affine, given by the spectrum of a noetherian commutative ring A. Let I be the ideal of A defining the
closed subscheme Y of Spec(A). By Lemma 9.8, the desired statement is equivalent to the fact that
the commutative diagram

L’ iz RT 70 (X, 17 /2)

| l

{L)y), @5 AT —— {RUza:(X' L), @5, Ox/I"Ox0)}y

is a weakly cartesian square of pro objects in the derived category D(Z). Taking fibres along the
vertical maps, this is exactly Corollary 9.7. O

We now use Proposition 9.9 to prove pro cdh descent for variants of the cotangent complex (Corol-
lary 9.12). In the following two lemmas, we consider inverse systems of objects in the derived cate-
gory D(Z). We say that an inverse system (C,), in the derived category D(Z) is essentially zero if for
every index r and every integer n € Z, there exists an index 7’ > r such that the map H"(C,») — H"(C})
is the zero map. In particular, an inverse system (C,), in the derived category D(Z) is essentially zero
if and only if the associated pro object {C)}, in the derived category D(Z) is weakly zero.

Lemma 9.10. Let (C,), be an inverse system in the derived category D(Z). If (C,.), is essentially
zero, then (HpeIP’ C’T/p)r is essentially zero.

Proof. Assume that the inverse system (C,.), is essentially zero. Let rg be an index of this inverse
system, n € Z be an integer, and p be a prime number. We will use repeatedly that for every index r,
there is a natural short exact sequence

0 — H"(C,)/p — H"(C;/p) — H""H(C,)[p] — 0

of abelian groups. Let ry > 7o be an index such that the map H"(C,,) — H"(C,,) is the zero
map. Then for every index r > r1, the map H"(C,)/p — H"(C,,)/p is the zero map, and the map
H"(C,/p) — H"(C,,/p) thus factors through the map H"(C,/p) — H"T1(C,)[p]. Let ro > be an
index such that the map H"**(C,,) — H""!(C,,) is the zero map. Then the map

H"(C,)[p] = HH(C) [p)
is the zero map. By construction, the map
Hn(CT2 /p) — Hn(CTO /p)
factors as

H™(C,, /p) — H'H(Cy,)[p] = H'HH(Cy,)p] — H™(Chy /p),

85



TESS BOUIS

and is thus also the zero map. The index ro does not depend on the prime number p, so the map

[[H"(Cra/p) — [ H"(Cro/p)

p€EP peP

is the zero map, and the inverse system ([],cp Cr/p), is essentially zero. O

Lemma 9.11. Let (C,), be an inverse system in the derived category D(Z). If (C,), is essentially
zero, then (HPE]P(C'T)Q)T is essentially zero.

Proof. Assume that the inverse system (C.), is essentially zero. Let 7y be an index of this inverse
system, n € Z be an integer, and p be a prime number. We will use repeatedly that for every index
r > 0, there is a short exact sequence

0 — Exty (Q,/Z,,H"(C,)) — H"((C,)}) — Homy, (Q, / Z,, H"*'(C,)) — 0

of abelian groups. Let 71 > 1y be an index such that the map H”(C ) — H"(C,,) is the zero map.
Then for every index r > 7y, the map Exty, (Q, /Z,, H"(C,)) — Eth (Q, / Zyp,H"(C,,)) is the zero
map, and the map H"((C;))) — H"((Cy,);) S thus factors through the map

H"((Cy))) — Homzp(Qp/Zp,H"“(Cr)).

Let ro > 71 be an index such that the map H"**(C,,) — H"™'(C,,) is the zero map. Then the map
Homg, (Q,, / Z,, H"*1(C,,)) — Homgz, (Q, / Z,, H**'(C,,)) is the zero map. By construction, the map

H"((Cr,)p) — H'((C,)y)

factors as

Hn((CTz)z/:) — HomZp (Qp / ZP’ Hn+1(c7“2)) i> HomZp (Qp/ZP7 Hn+1<C7‘1)) — Hn((cro);\)v

and is thus the zero map. The index r5 does not depend on the prime number p, so the map

[TH"(C)p) — ] H"((C

p€EP peP

is the zero map, and the inverse system ([],cp(C;);), is essentially zero. O

Corollary 9.12. Let j > 0 be an integer, and let F' be one of the presheaves

RUza: (=12 5), RUzax (= [T L2, J5,)s BUzac(= [T (L, 2)p), and RUzar(— L7 o),
peP peP

where —y,, is the derived base change from Z to F,. Then the presheaf F' is a pro cdh sheaf on noetherian
schemes.

Proof. The presheaf F' is a Nisnevich sheaf, so the result is equivalent to proving that F' sends an
abstract blowup square of noetherian schemes to a weakly cartesian square of pro objects in the

derived category D(Z). For Ranr( JL /Z) this is Proposition 9.9. For RI‘Zar( 7Hp€]P’ ILJ_r /F, )

this is a formal consequence of Proposition 9.9 and Lemma 9.10. For RFZar(f, HpE]P’(]L]—/Z) ) this is
similarly a formal consequence of Proposition 9.9 and Lemma 9.11. And for RFZM( 7]ILQ/Q), this is

a consequence of Proposition 9.9 and the fact that the rationalisation of a zero pro system of abelian
groups is zero. O
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9.2 Pro cdh descent for motivic cohomology

In this subsection, we prove pro cdh descent for the motivic complexes Z(i)™°t (Theorem 9.23). We
use Corollary 4.32 to decompose the proof into several steps, which ultimately all rely on Corollary 9.12.
We start with the following rational results.

>
Proposition 9.13 ([EM23]). For every integer i > 0, the presheaf RTza, (—,LQ:Q/Q) is a pro cdh
sheaf on noetherian schemes.

Proof. This is a part of [EM23, proof of Theorem 8.2]. More precisely, one uses Proposition 4.42 to
reduce the proof to a finite number of powers of the cotangent complex relative to Q, where this is
Corollary 9.12. O

The following result is a rigid-analytic variant of Proposition 9.13.

>
Proposition 9.14. For every integer i > 0, the presheaf RU'z,; (—, H;GP m:; /Qp) is a pro cdh sheaf
P

on noetherian schemes.

Proof. By Remark 4.28, there is a fibre sequence of presheaves

Rz~ TT'E2Z, o) — RUzae (=TT TO, s, ) — BUza(— (T] (L970,))),)

p€EP p€EP p€eP

on qcqs derived schemes, and in particular on noetherian schemes. By Corollary 4.43, the presheaf

RI'y,, (7, H;eﬂ” @_QP/QP) is a cdh sheaf on noetherian schemes, so it is a pro cdh sheaf on noetherian

schemes. The presheaf Rz (—, ([T,cp (]Lin/Z)Q) Q) has a finite filtration with graded pieces given

by the presheaves RFZar(f, (HpeP (Lj /Z):)Q) (0 < j < i). These presheaves are pro cdh sheaves

on noetherian schemes by Corollary 9.12, so the presheaf RT'z (—, (Hpep (LQ= )A)Q) is a pro cdh

—/Z/p
—~ >
sheaf on noetherian schemes. This implies that the presheaf RFZar(—, H;ep ]LQ:i /@p) is a pro cdh
p
sheaf on noetherian schemes. O

mot

Proposition 9.15. For every integer i > 0, the presheaf Q(7) is a pro cdh sheaf on noetherian

schemes.

Proof. By Corollary 4.68, there is a fibre sequence of presheaves
Qi)™ (=) — Q(i)*M(—) — cofib (RFZar(—,]LQfg/Q) — RTlcan (- Qfé/(@)) [—1]

on qcqs derived schemes, and in particular on noetherian schemes. Cdh sheaves are in particular
pro cdh sheaves, so it suffices to prove that the presheaf RI'z,, (X, ]Lﬂfi/@) is a pro cdh sheaf on
noetherian schemes. This presheaf has a finite filtration with graded pieges given by the presheaves
RI'zar (f,JLJ_Q/Q) (0 < j < 1), so the result is a consequence of Corollary 9.12.

Alternatively, one can prove this result by using Corollary 4.57 and pro cdh descent for algebraic
K-theory ([KST18, Theorem Al). O

Corollary 9.16. For every integeri > 0, the presheaf Q(i)TC is a pro cdh sheaf on noetherian schemes.

Proof. By Remark 3.20, the presheaf Q(i)T¢ is a pro cdh sheaf on noetherian schemes if and only if
the presheaf Q(7)™°% is a pro cdh sheaf on noetherian schemes. The result is then a consequence of
Proposition 9.15. 0

By Remark 3.20, the presheaf Q(i)TC is a pro cdh sheaf on noetherian schemes if and only if
the presheaf Q(i)™°" is a pro cdh sheaf on noetherian schemes. One can then prove Proposition 9.15
alternatively by using Corollary 4.57 and pro cdh descent for algebraic K-theory ([KST18, Theorem AJ).

We now turn our attention to Bhatt-Morrow-Scholze’s syntomic complexes 7Z,(7)BMS.
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Corollary 9.17. For every integer i > 0, the presheaf (HPGP Zp(i)BMS)Q is a pro cdh sheaf on
noetherian schemes.

Proof. Rationalising the cartesian square of Corollary 4.32 yields a cartesian square of presheaves

QUYO(=) > Rlgar( L2 q)

J |

—~>i
(Tlper Zo()PMS(=)) g — BTz00 (=TT L2710, )

on qcqs derived schemes, and in particular on noetherian schemes. The other three presheaves of this
cartesian square being pro cdh sheaves on noetherian schemes (Propositions 9.13, 9.14, and 9.15), the
bottom left presheaf is also a pro cdh sheaf on noetherian schemes. O
Lemma 9.18. Let p be a prime number. Then for every integer i > 0, the presheaf F,(i)3MS
cdh sheaf on noetherian schemes.

1S @ pro

Proof. By [AMMNZ22, Corollary 5.31], there exists an integer m > 0 and an equivalence of presheaves'*

Fy ()5 (=) =5 fib (can — 6, : (Vb {7} /NZH7A_{i})p — (B{i}/NZ "D _{i})/p).

In particular, it suffices to prove that for every integer j > 0, the presheaf NVA_/p is a pro cdh
sheaf on noetherian schemes. By [BL22, Remark 5.5.8 and Example 4.7.8], there is a fibre sequence of
presheaves

; ) .coni O+j  jconj
NIA_{i}/p — Fllj.0 JA_/me/p —1, Flljo_fﬁ_/zpm/p.
The presheaves Filjonjl, /z,[5)/P and Fil;inljl, / 2,15/ have finite filtrations with graded pieces given
by modulo p powers of the cotangent complex. The result is then a consequence of Corollary 9.12. [

Lemma 9.19. Let A be an abelian group of the form A = HPGP Ay, where A, is a derived p-complete
abelian group. If A is torsion, then A is bounded torsion (i.e., there exists an integer N > 1 such that
A is N-torsion).

Proof. Assume that the abelian group A is torsion. Then for every prime number p, the abelian group
A, is torsion and derived p-complete, hence it is bounded p-power torsion by [Bhal9, Theorem 1.1].
Let S be the set of prime numbers p such that A, is not the zero group. Then there exists an inclusion
of abelian groups [[,5F, C A, and, if S is infinite, then J[ ¢ F, is not torsion. So S is finite, and,
as a finite product of bounded torsion abelian groups, the abelian group A is bounded torsion. O

Proposition 9.20. For every integer i > 0, the presheaf HpG]P’ Z,(1)BMS is a pro cdh sheaf on noethe-
rian schemes.

Proof. Fix an abstract blowup square of noetherian schemes (3). Let {C,}, be the pro object in the
derived category D(Z) defined as the total fibre of the commutative square obtained by applying the
presheaf [[ Z,(i)BMS to this abstract blowup square. We want to prove that {C,}, is weakly zero.
By Corollary 9.17, its rationalisation {C, ®z Q}, is weakly zero.

Let 7o > 0 and n € Z be integers. Let r; > rg be an integer such that the map

H"(C,) ®2 Q — H"(C;,) 2 Q

M Pprismatic cohomology was first defined on p-complete p-quasisyntomic rings ([BMS19, BS22]), and then generalised
to arbitrary animated commutative rings by taking the left Kan extension from polynomial Z-algebras, and imposing
that it depends only on the derived p-completion of its input (JAMMN22, BL22]). On noetherian rings R, the derived
and classical p-completions agree, so the prismatic cohomology of R is naturally identified with the prismatic cohomology
of the classical p-completion of R.

88



MOTIVIC COHOMOLOGY OF MIXED CHARACTERISTIC SCHEMES

is the zero map. We now construct an integer ro > r; such that the map
H"(C;,) — H"(Cy)

is the zero map. By Lemma 9.18; and for every prime number p, the pro abelian group {H"(C,/p)}.,
is zero, which implies that the pro abelian group {H"(C,.)/p}. is zero. By induction, this implies that
for every integer N > 1, the pro abelian group {H"(C,.)/N}, is zero. By construction, the cohomology
groups H"(C,) (r > 0) are naturally products, indexed by prime numbers p, of derived p-complete
abelian groups. The kernel and cokernel of a map of derived p-complete abelian groups are derived
p-complete abelian groups. So the image A,, of the map H"(C,,) — H"(C,,) is a product, indexed
by prime numbers p, of derived p-complete abelian groups. This abelian group A,, is also torsion by
definition of the integer r1, so Lemma 9.19 implies that there exists an integer N > 1 such that A, is
N-torsion. Let ro > r1 be an integer such that the map H"(C,,)/N — H"(C,,)/N is the zero map.
Then the map
H"(Cy,) — H"(Cyy)

factors as

H"(Cy,) — HY(C,,) /N = HY(C,,) /N — Ay, CHY(Cyy),
and is thus the zero map, which concludes the proof. O
Corollary 9.21. Let p be a prime number. Then for every integer i > 0, the presheaf Z,(i )BMS s q
pro cdh sheaf on noetherian schemes.
Proof. The presheaf Z,(i)BMS is a direct summand of the presheaf [],.p Z¢(i)®™5, so the result is a
consequence of Proposition 9.20. O
Proposition 9.22. For every integer i > 0, the presheaf Z(i)T® is a pro cdh sheaf on noetherian
schemes.

Proof. By Corollary 4.32, there is a cartesian square of presheaves

—~ >
Z(i)T¢ ——————— Rlza(—, L7 )

| !

. ~ >4
pee Zp(i)®™® —— RUzar(— [T,es L, /q,)

L&
on qcgs derived schemes, and in particular on noetherian schemes. The presheaves
Tos \BMS
RFZar( LQ Q/Q RFZar H M,Q /Q s and HZ
p€EP pEP

are pro cdh sheaves on noetherian schemes by Propositions 9.13, 9.14, and 9.20 respectively. So the
presheaf Z(i)T is a pro cdh sheaf on noetherian schemes. O

The following result was proved on noetherian schemes over a field by Elmanto-Morrow [EM23].

Theorem 9.23 (Pro cdh descent). For every integer i > 0, the motivic complex Z(i)™° is a pro cdh
sheaf on noetherian schemes.

Proof. By Remark 3.20, there is a cartesian square of presheaves

Z(i)mOt Z(i)TC

l |

Z(i)th —_— Lcdh Z(’L)TC

on qcgs schemes, and in particular on noetherian schemes. The presheaf Z(i)T¢ is a pro cdh sheaf on
noetherian schemes by Proposition 9.22. The presheaves Z (i) and Leqn Z(i)T¢ are cdh sheaves on
noetherian schemes by construction, hence pro cdh sheaves on noetherian schemes. So the presheaf
Z(i)™°* is a pro cdh sheaf. O
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Remark 9.24 (Pro cdh descent for algebraic K-theory). The arguments to prove Theorem 9.23 can
be adapted to give a new proof of the pro cdh descent for algebraic K-theory of Kerz—Strunk—Tamme
[KST18]. More precisely, by Theorem 1.1, pro cdh descent for algebraic K-theory is equivalent to pro
cdh descent for TC. By Corollary 4.64, the result rationally reduces to the pro cdh descent for HC,
which is proved by Morrow ([Mor16, Theorem 0.2]). The result mod p is similar to that of Lemma 9.18,
where the Nygaard filtration and the relative prismatic cohomology are replaced by the Tate filtration
and by relative THH; the pro cdh descent for relative THH then reduces to the pro cdh descent for
powers of the cotangent complex by [AMMN22, Section 5.2]. Following Section 4.2, there is a natural
cartesian square

TC(-) ——————— HC (—0/Q)

| -

[yer TC(=Zy) — ([)es HH(— Q)

Using the cdh descent for the presheaves HP(—g/Q) ([LT19]) and (H;ep HH(—;Qp))tS (Corol-

lary 4.43), the pro cdh descent of the two right terms reduces to the pro cdh descent for HC. The
integral statement is then similarly a consequence of Lemma 9.19.

9.3 Motivic Weibel vanishing

In this subsection, we prove Theorem 9.27, which is a motivic refinement of Weibel’s vanishing
conjecture on negative K-groups ([KST18, Theorem B (7)]).

Lemma 9.25. Let V be a henselian valuation ring. Then for every integer i > 0, the motivic complex
Z(i)™°%(V') € D(Z) is in degrees at most i.

Proof. Henselian valuation rings are local rings for the cdh topology, so the natural maps
Z(i)mOt(V) — Z(i)th(V) « Z(i)lisse(v)
are equivalences in the derived category D(Z) (Remark 3.23 and Definition 3.10). O

Lemma 9.26. Let A be a local ring, and I be a nil ideal of A. Then for every integer i > 0, the fibre

of the natural map
Z(i)™(A) — Z(i)™" (A/T)

is in degrees at most i.

Proof. We first prove the result rationally, and modulo p for every prime number p. Any finitary
cdh sheaf is invariant under nil extensions. By Corollary 4.68, the result after rationalisation is thus
equivalent to the fact that the fibre of the natural map
< <i
L)/l =1 — L a1y 1]

is in degrees at most i. Both terms of this map are in degrees at most . In degree i, this map is given
by the natural map

i—1 i—1

Qg0 — o
which is surjective as the Q-algebra (A/I)g is a quotient of the Q-algebra Ag. Let p be a prime
number. By Corollary 3.25, the result modulo p is equivalent to the fact that the fibre of the natural
map
Fy () PM5(4) — Fp(i)°M5(A/1)

is in degrees at most i. The pair (A, T) is henselian, so this is a consequence of Theorem 2.27.
By the previous rational statement, the fibre F' € D(Z) of the natural map

Z(i)"*"(A) — Z(i)™ (A/T)
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has torsion cohomology groups in degrees at least i + 1. By the short exact sequence of abelian groups
0 — H/(F)/p — H/(F/p) — BT (F)[p] — 0

for every prime number p and every integer j > ¢ + 1, the previous torsion statement implies that
these cohomology groups are also torsionfree, hence zero, in degrees at least i + 2. It then re-
mains to prove that the abelian group H*'(F) is zero. By Corollary 7.10 and its proof, the abelian
group Hi;;lt(A,Z(z)) is torsionfree, so it suffices to prove that the natural map of abelian groups
H! (A, Z(i)) — H.  (A/I,Z(i)) is surjective. Let P be a local ind-smooth Z-algebra with a sur-
jective map P — A. By Theorem 7.11 (see also Lemma 7.19 for a related argument), and because
P — A/I is also a surjection from a local ind-smooth Z-algebra, the composite map of abelian groups

Hinot(Pv Z(l)) — Hlinot(Av Z(Z)) — Hlinot(A/Ia Z(Z>)
is surjective, so the right map is surjective, as desired. O

Theorem 9.27 (Motivic Weibel vanishing). Let d > 0 be an integer, and X be a noetherian scheme
of dimension at most d. Then for every integer i > 0, the motivic complex Z(i)™°*(X) € D(Z) is in
degrees at most i + d.

Proof. The presheaf Z(i)™°" : Sch%%°P — D(Z) satisfies the following properties:
(1) it is finitary (Corollary 4.60);
(2) it satisfies pro cdh descent on noetherian schemes (Theorem 9.23);
(3) for every henselian valuation ring V, the complex Z(i)™°*(V) is in degrees at most i (Lemma 9.25);
(4)

4) for every noetherian local ring A and every nilpotent ideal I of A, the fibre of the natural map
Z(i)™°Y(A) — Z(i)™°*(A/I) is in degrees at most i (Lemma 9.26).

By [BEM], the presheaf Z(i)¢® : Sch9%®°P — D(Z) is a finitary cdh sheaf which is in degrees at most
i on henselian valuation rings, hence it also satisfies the previous properties.

By [EM23, Proposition 8.10] applied to the presheaf fib( Z(i)™* — Z(i)°®)[i], this implies that
for every noetherian scheme X of dimension at most d, the complex

fib( Z (i)™ (X) — Z (i) (X))

is in degrees at most i + d. The complex Z(i)*™"(X) is also in degrees at most i + d ([BEM]), so the
complex Z(i)™°*(X) is in degrees at most i + d. O

Remark 9.28 (Relation to Weibel’s K -theoretic vanishing conjecture). Let X be a noetherian scheme
of dimension at most d. Theorem 9.27 states that the Atiyah—Hirzebruch spectral sequence

Ey = H 4 (X, Z(—j)) = K_i_j(X)

is supported in the left half plane z < d: see the following representation of the F page, where H’ (7)
denotes the motivic cohomology group HZ, .. (X, Z(z)).

mot

0 0 0 0 0 0 0 0

0 0 H°(0) H'(0) --- H2%0) H"'(0) HY) 0

0 H°(1) H®H'(Q) ®©*(1) --- HYY1)  HY1) THM™N1) o
2\}

(2) “H(2) - HY2)  HT(2) THTE(@2) 0
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In particular, the negative K-groups K_;_;(X) vanish for —i — j < —d (this is Weibel’s vanishing
conjecture on algebraic K-theory), and there is a natural edge map isomorphism

K_q(X) = H?

mot

(X,2Z(0))

of abelian groups. Using the description of weight zero motivic cohomology (Example 4.69), the latter
result recovers the known description of K_4(X) ([KST18, Corollary D]). Note that Theorem 9.27 is
however not a new proof of these results of Kerz—Strunk-Tamme, as our Atiyah—Hirzebruch spectral
sequence relating motivic cohomology and algebraic K-theory relies on Theorem 1.1, which itself relies
on the results in [KST18].

Remark 9.29. Let X be a noetherian scheme of dimension at most d. Then for every integer i > 0,
the proof of Theorem 9.27 also implies that the natural map

Z(i)™H(X) — Z(i) " (X)

is surjective on H'™%. For i = 0, this map is even an isomorphism on H¢ (actually on all cohomology
groups, by Example 4.69), thus recovering Weibel’s conjecture that the map K_4(X) — KH_4(X) is
an isomorphism [Wei80, KST18].

The following result is a description of the group K_g441, similar to the description of the group
K_, predicted by Weibel (Remark 9.28).

Corollary 9.30. Let d > 0 be an integer, and X be a noetherian scheme of dimension at most d.
Then there is a natural exact sequence
- 5 _
Hegr? (X, Z) — Hylbi (X, Z(1)) — Koan (X) — Heg! (X,Z) — 0
of abelian groups, where § is the differential map coming from the Es-page of the Atiyah—Hirzebruch

spectral sequence (Corollary 4.56). Moreover, for every integer m > 2, if m is invertible in X, then
the image of the map (m — 1)d is m-power torsion.

Proof. The motivic complex Z(i)™°*(X) is zero for i < 0 (Corollary 4.48), and is naturally identified
with the complex RT'¢qn(X,Z) for i = 0 (Example 4.69). The first statement is then a consequence
of the Atiyah—Hirzebruch spectral sequence (Corollary 4.56) and of motivic Weibel’s vanishing (The-
orem 9.27). The second statement is a consequence of the compatibility of the map ¢ with the Adams
operation ¢™ (Construction 4.10). More precisely, Corollary 4.11 implies that the induced map

6 HE2(X,Z)[L] — HIHH(X, Z(1))[L]

E] mot

satisfies the equation 6 = mJd, i.e., (m — 1)6 = 0, which implies the desired result. O

9.4 Comparison to pro cdh motivic cohomology

In this subsection, we compare the motivic complexes Z(i)™°! to Kelly-Saito’s pro cdh motivic
complexes Z(i)P*°" (Theorem 9.32). In equicharacteristic, this is [KS24, Corollary 1.11] (see also
[EM23, Theorem 1.15]). Our proof is structurally the same, although finitariness and pro cdh descent
in mixed characteristic rely on the main results of Section 4, and our proof of the comparison to lisse
motivic cohomology is different in mixed characteristic (see comment before Corollary 7.12).

Lemma 9.31. Let R be a nil extension of a henselian valuation ring, i.e., a commutative ring R whose
quotient R/I by its ideal of nilpotent elements I is a henselian valuation ring. Then for every integer
t > 0, the lisse-motivic comparison map

Z(,L-)lisse(R) — Z(i)mOt(R)

is an equivalence in the derived category D(Z).
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Proof. By Corollary 7.12, it suffices to prove that the complex Z(i)™°*(R) € D(Z) is in degrees at
most i. Let I be the ideal of nilpotent elements of the commutative ring R. Using the natural fibre
sequence

ﬁb(Z(i)mOt(R) — Z(i)mOt(R/I)) — Z(i)™°(R) — Z(i)™°*(R/I)
in the derived category D(Z), the result is then a consequence of Lemmas 9.25 and 9.26. O

Theorem 9.32 (Comparison to pro cdh motivic cohomology). Let X be a noetherian scheme. Then
for every integer i > 0, the lisse-motivic comparison map induces a natural equivalence

25 (X) < B(0)™4(X)

in the derived category D(Z).
Proof. The presheaf Z(i)™°% : Sch°9*°? — D(Z) satisfies the following properties:

(1) it is finitary (Corollary 4.60);

(2) it satisfies pro cdh descent on noetherian schemes (Theorem 9.23);

(3) for every pro cdh local ring R, the lisse-motivic comparison map

Z(i)"*¢(R) — Z(i)™*"(R)
is an equivalence in the derived category D(Z) (Lemma 9.31 and [KS24, Proposition 1.7]).

By [KS24, Theorem 9.7],'5 this implies that for every noetherian scheme X, the lisse-motivic compar-
ison map induces a natural equivalence

~

Z(i)prOth(X) AN Z(Z-)mot(X)

in the derived category D(Z). O

15This theorem is stated for schemes over a field, but the proof works over any noetherian commutative ring.
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10  AMINVARIANT MOTIVIC COHOMOLOGY

The theory of classical motivic cohomology of smooth schemes over a mixed characteristic Dedekind
domain [Blo86, Lev01l, Gei04], as a theory of Al-invariant motivic cohomology, admits a natural
generalisation to general qcqs schemes. More precisely, Spitzweck constructed in [Spil8], for every
qcgs scheme X, an Al-motivic spectrum H7ZP ¢ SH(Z), which represents Bloch’s cycle complexes
on smooth Z-schemes, and whose pullback to SH(B), for B a field or a mixed characteristic Dedekind
domain, still represents Bloch’s cycle complexes on smooth B-schemes. Bachmann then proved in
[Bac22] that Spitzweck’s construction coincides with the zeroth slice of the homotopy K-theory motivic
spectrum KGL € SH(Z). Finally, Bachmann—Elmanto-Morrow recently proved in [BEM] that the slice
filtration is compatible with arbitrary pullbacks, thus defining a well-behaved A'-motivic spectrum
H Zx € SH(X) for arbitrary qcgs schemes X. The associated Al-invariant motivic complexes

Z(i)* (X) € D(Z)

are related to the homotopy K-theory KH(X) by an Al-invariant Atiyah—Hirzebruch spectral sequence.
For our purposes, we will only use that there is a natural map

1

Z(i)*™(X) — Z(i)* (X)

which exhibits the target as the Al-localisation of the source, and which is an equivalence if the qcqs
scheme X satisfies the condition Val(X) (see Definition 10.12 and Theorem 10.15).

10.1 Comparison to Al-invariant motivic cohomology

In this subsection, we prove that the Al-localisation of the motivic complexes Z(i)™°® recover

Bachmann-Elmanto-Morrow’s Al-invariant motivic complexes Z(z’)Al (Theorem 10.5). This is a mo-
tivic refinement of [Elm21, Theorem 1.0.1], and implies that the motivic complexes Z(i)™°! recover the
classical motivic complexes Z(i)%'* on smooth schemes over a mixed characteristic Dedekind domain
after Al-localisation (Corollary 10.9).

Lemma 10.1. Let C be a presentable stable oo-category, and F : Sch®®°P — C be a presheaf. Then
the natural map
Lyt LeanF' — Lyi Lean Ly F

induced by A'-localisation is an equivalence of C-valued presheaves.

Proof. A filtered colimit of cdh sheaves is a cdh sheaf (Lemma 4.58). In particular, the Al-localisation
of a cdh sheaf is a cdh sheaf, so the natural composites

LAlLthF — LAlLthLAlF — LAchdhLAlLthF

and
LAchdhLAlF — LAILthLAlLthF — LAchdhLAlLthLAlF

are equivalences in the oo-category C. This implies the desired result. O

Lemma 10.2. For every integer i > 0, the Al-localisation of the presheaf

RT 0 (=, 1O ) : dSch®®°P — D(Q)

/)

8 zero.

Proof. By Zariski descent, it suffices to prove the result on animated commutative rings. The functor
LO<? o from animated commutative rings to the derived category D(Q), is left Kan extended from
polynomial Z-algebras. Equivalently, it commutes with sifted colimits. This property being preserved
by Al-localisation, the functor LAlLQfé /Q is also left Kan extended from polynomial Z-algebras. As
it is also constant on polynomial Z-algebras, and zero on the zero ring, it is the zero functor. O
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Corollary 10.3. Let X be a qcqs derived scheme. Then for every integer i > 0, the natural map
> _
(LaLQ” /o) (X) — (LarlQ-y/q)(X)

is an equivalence in the derived category D(Q).

Proof. There is a natural fibre sequence

> — i
(LaLO,) ) (X) — (LaLO_ ) ) (X) — (LuLOS! o)

in the derived category D(Q). The result is then a consequence of Lemma 10.2. O

Lemma 10.4. Let p be a prime number. Then for every integer i > 0, the A'-localisation of the
presheaf
F,(i)BMS(—) : dSch®4°P — D(TF,)

1S zero.

Proof. The presheaf F,(i)BMS is a Zariski sheaf, and its restriction to animated commutative rings is
left Kan extended from polynomial Z-algebras (Corollary 2.26). The result then follows by the same
argument as in Lemma 10.2. O

Theorem 10.5. Let X be a qcqs scheme. Then for every integer i > 0, the natural map
(Lar Z2(i)™) (X) — (Lar Z(i)°™") (X) =~ Z(i)* (X)
is an equivalence in the derived category D(Z).

Proof. 1t suffices to prove the result rationally, and modulo p for every prime number p. By Lemma 10.2,
the object '
(LA] Rl za; (X7 ]LQf&/ Q)) (X)

is zero in the derived category D(Q). Lemma 10.1 then implies that the object
(Lar Rlean(—, LO<] o)) (X)
is zero in the derived category D(Q). In particular, the natural map

(Lar RTzar (= L= ) ) (X) — (Lat Rlean(—, L% o)) (X)

is an equivalence in the derived category D(Q), which implies the desired result rationally by Corol-
lary 4.68. Similarly, for every prime number p, the syntomic complex F,, (1)BMS vanishes after A'-locali-
sation by Lemma 10.4, which implies the desired result modulo p by Lemma 10.1 and Corollary 3.25.

O

Remark 10.6. Let X be a qcgs derived scheme. One can prove, using similar arguments and Corol-
lary 4.32, that there is a natural fibre sequence

(Las Z(i)"C) (X) — RUzar (X, LO_/q) — RIza (X, [ ’@,@p /q,)
peP

in the derived category D(Z). Note that this implies Theorem 10.5 on qcgs classical schemes, via the
cdh descent results [EM23, Lemma 4.5] and Corollary 4.45.

Theorem 10.7. Let X be a smooth scheme over a mized characteristic Dedekind domain. Then the
natural map
Fil}, K(X) — (LaFil%  K) (X)

is an equivalence of filtered spectra.
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Proof. By Proposition 6.2 and its proof, this natural map is an equivalence rationally, so it suffices to
prove that it is an equivalence modulo every prime number p. Let p be a prime number. By [BEM],
the natural map

Fill, K(X) — (LAIFﬂ:dhKH) (X)

:la
is an equivalence of filtered spectra, so it suffices to prove that the natural map
(LarFily, o K) (X)/p — (LarFilZg, KH) (X)/p

is an equivalence of filtered spectra. By Proposition 3.24, this is equivalent to the fact that the natural
map
(LAIFHEMSTC(—;]FP))(X) — (LAchthilgMSTC(—;IE‘p))(X)

is an equivalence of filtered spectra. The filtered spectrum (L1 FilgygTC(—;F,))(X) is complete by
the connectivity bound of Lemma 2.21, and its graded pieces are zero by Lemma 10.4, so it is zero.
By Lemma 10.1, the target (La1 LeanFilgysTC(—;F,))(X) of the previous map is then also zero, and
this map is in particular an equivalence. O

Remark 10.8. We expect that the Al-localisation in Theorem 10.7 is not necessary, i.e., that the
natural map

mot

Fil}, o K(X) — (LarFil7, K) (X)

is an equivalence of filtered spectra for smooth schemes X over a torsionfree Dedekind domain. By
Theorem 10.5, this is equivalent to the fact that the composite

Fill, o K (X) 222 Fil KH(X) 25 (L Fill KH) (X)

*
mot

is an equivalence of filtered spectra, where the second map is expected to be an equivalence for every
qcgs scheme X ([BEM]).

Corollary 10.9. Let X be a smooth scheme over a mized characteristic Dedekind domain. Then for
every integer v > 0, there is a natural equivalence

2(X, 0)[—2d] = (La1 Z(i)™")(X)
in the derived category D(Z).

Proof. This is a consequence of Theorem 10.7. O

10.2 F-smoothness of valuation rings

In this subsection, we formulate the key hypothesis used in the work of Bachmann—-Elmanto—Morrow
[BEM] on Al-invariant motivic cohomology (Definition 10.12). This hypothesis relies on the following
conjecture, implicit in the work of Bhatt—-Mathew [BM23] on F-smoothness.

Conjecture 10.10 (Bhatt—Mathew). Every valuation ring is F-smooth.

The following theorem summarizes the known cases of Conjecture 10.10. Note that the notion
of F-smoothness implicitly depends on a fixed prime number p, and that a commutative ring with
bounded p-power torsion is F-smooth if and only if its p-completion is F-smooth.

Theorem 10.11. Let V' be a valuation ring, and p be a prime number.
(1) (Bhatt-Mathew [BM23]) If V is a discrete valuation ring, then V is F-smooth.

(2) (Gabber-Ramero [GRO3], Gabber [KST21], Kelly-Morrow [KM21]) If V is a valuation ring ex-
tension of IFp, then V is F-smooth.

(8) (Bouis [Bou23]) If V is a valuation ring extension of a p-torsionfree perfectoid valuation ring of
mized characteristic (0,p), then V is F-smooth.
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Definition 10.12. (1) Let p be a prime number (on which the notion of F-smoothness implicitly
depends). A qcqs scheme X satisfies the condition Val(X,p) if every valuation ring V' with a
map Spec(V) — X is F-smooth.

(2) A qcas scheme X satisfies the condition Val(X) if it satisfies the condition Val(X,p) for every
prime number p.

Examples 10.13. Let p be a prime number.
(1) Every qcgs Z[%]—scheme satisfies the condition Val(X, p) because every valuation ring in which p
is invertible is vacuously F-smooth. Consequently, every qcqs Q-scheme satisfies the condition
Val(X).

(2) Every qcgs F,-scheme satisfies the condition Val(X) (Theorem 10.11(2)). More generally, for
every integer N > 1, every qcqs Z /N-scheme satisfies the condition Val(X).

(3) Every qcgs V-scheme, where V' is a commutative ring with bounded p-power torsion and whose
p-completion is a perfectoid valuation ring of mixed characteristic (0, p), satisfies the condition
Val(X) (Theorem 10.11 (3) for the condition Val(X,p), and (1) for the condition Val(X,¢) at all
other primes /).

Remark 10.14. The results in [BEM] that are conditional on some hypothesis on valuation rings
actually assume that valuation rings satisfy a suitable syntomic-étale comparison theorem. Such a
condition is weaker than that of Definition 10.12, as this syntomic-étale comparison is a consequence
of F-smoothness ([BM23, Theorem 1.8]). Note that all known cases of this syntomic-étale comparison
for mixed characteristic valuation rings are proved as consequences of F-smoothness.

10.3 Motivic regularity

By Quillen’s fundamental theorem of algebraic K-theory, the algebraic K-theory of a regular
noetherian ring is Al-invariant. Vorst conjectured a partial converse of this result, i.e., that an essen-
tially finite type algebra over a field whose K-groups are Al-invariant is regular ([Vor79]). The con-
jecture was proved in characteristic zero by Cortiias—Haesemeyer—Weibel ([CHWO08]). Kerz—Strunk—
Tamme then proved a variant of the conjecture in positive characteristic ([KST21, Theorem A]), and
asked if Vorst’s conjecture holds for general excellent noetherian rings ([KST21, Question DJ).

In this subsection, we study the extent to which these questions have a natural analogue in motivic
cohomology. More precisely, given a qcgs scheme X and an integer ¢ > 0, and in light of Theorem 10.5,
we will be interested in when the natural map

1

Z(i)™°H(X) — Z(D)* (X)
is an equivalence in the derived category D(Z). We will use repeatedly the following result of [BEM].
Theorem 10.15 ([BEM]). Let i > 0 be an integer.
(1) For every qcqs scheme X, the natural map
Q)™ (X) — QO™ (X)
is an equivalence in the derived category D(Q).
(2) For every prime number p and every qcqs Z[%]-scheme X, the natural map
Fy(i) ™" (X) — Fp ()" (X)

is an equivalence in the derived category D(F,).
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(8) For every qcqs scheme X satisfying the condition Val(X) (Definition 10.12), the natural map
Z(i)*™(X) — Z()* (X)
is an equivalence in the derived category D(Z).

Theorem 10.16 (Rational motivic regularity). Let X be a qcgs scheme. Then for every integer i > 0,
the following are equivalent:

(1) the natural map Q(i)™°(X) — Q(z’)Al (X) is an equivalence in the derived category D(Q);

(2) the natural map Q(i)™°"(Xq) — Q)4 (Xq) is an equivalence in the derived category D(Q).
Moreover, (1) or (2) for all integers i > 0 is equivalent to each of the following statements:
(8) for every integer j > 0, the natural map RT'z,, (X, ILJ;Q/Q) — RTcan(X, QiQ/Q) is an equivalence
in the derived category D(Q);
(4) the natural map K(X; Q) — KH(X;Q) is an equivalence of spectra;
(5) the natural map HC(Xq/ Q) — LeanHC(—q/ Q)(X) is an equivalence of spectra.

Proof. (4) and (5) are equivalent by Corollary 4.68. Theorem 10.15 (1) and the Adams decompositions
Corollary 4.57 and

H(X; Q) ~ P Qi)™ ™ (X)

>0
then imply that (1) for all integers ¢ > 0 and (4) are equivalent. By Corollary 4.68, (1) is equivalent
to the fact that the natural map
RFZar (X> LQfé/ Q) — RFth (X, Qf;/ Q)

is an equivalence in the derived category D(Q), which is in turn equivalent to (2), and implies that (1)
for all integers ¢ > 0 is equivalent to (3). O

Corollary 10.17 (Motivic regularity in characteristic zero). Let X be a qcqgs Q-scheme. Then the
following are equivalent:

(1) for every integer i > 0, the natural map Z (i)™ (X) — Z(i)* (X) is an equivalence in the derived
category D(Z);

(2) for every integer j > 0, the natural map RT7z,, (X, ILJ;/@) — Rleqn (X, QJ;/Q) is an equivalence
in the derived category D(Q);

(8) the natural map K(X) — KH(X) is an equivalence of spectra;
(4) the natural map HC(X/ Q) — LeanHC(—/ Q)(X) is an equivalence of spectra.
Proof. For every prime number p, the natural map
K(X;Fp) — KH(X;Fp)

is an equivalence of spectra on qcgs Q-schemes ([Wei89, Proposition 1.6]). Similarly, for any prime
number p and integer ¢ > 0, the natural map

F, (i)™ (X) — B, (i) (X)
is an equivalence in the derived category D(F,) (Remark 3.26). In particular, the natural map
K(X) — KH(X) (resp. Z(i)™"(X) — Z(i)°" (X))
is an equivalence of spectra (resp. in the derived category D(Z)) if and only if the natural map
K(X;Q) — KH(X;Q) (resp. Q(i)™"(X) — Q(i)“™"(X))

is an equivalence of spectra (resp. in the derived category D(Q)). The result then follows from
Theorems 10.15 (1) and 10.16. O
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Proposition 10.18 (¢-adic motivic regularity). Let ¢ be a prime number, and X be a qcgs Z[%]—scheme.
Then for any integers i > 0 and k > 1, the natural map

Z /()" (X) — Z /() (X)
is an equivalence in the derived category D(Z /¢¥).

Proof. This is a consequence of Remark 3.26 and Theorem 10.15 (2). O

Recall the following known result at the level of K-theory in positive characteristic.

Corollary 10.19. Let N > 1 be an integer, and X be a qcgs Z /N-scheme. Then the natural map
K(X) — KH(X) is an equivalence of spectra if and only if for every prime number p dividing N, the
natural map TC(X;F,) = Lean TC(—;F,)(X) 4s an equivalence of spectra.

Proof. For every prime number p, the functor TC(—;F,) is zero on qcqs Z[%]—schemes. The natural
map K(X) — KH(X) is an equivalence if and only if it is an equivalence rationally, and modulo p for
every prime number p. The result is then a consequence of Theorems 1.1 and 10.16 (4)-(5). O

The following result is a motivic analogue of Corollary 10.19.

Corollary 10.20 (Motivic regularity in positive characteristic). Let N > 1 and i > 0 be integers,
and X be a qcgs 7 /N-scheme. Then the natural map Z(i)™(X) — Z(i)*' (X) is an equivalence
in the derived category D(Z) if and only if for every prime number p dividing N, the natural map
Fp,(i)BM5(X) — (Lean Fp (1)BM3)(X) is an equivalence in the derived category D(F),).

Proof. By Theorem 10.15 (3) and Example 10.13 (2), the natural map

1

Z (i)™ (X) — Z(i)* (X)

is an equivalence if and only if the natural map Z(i)™°%(X) — Z(i)°"(X) is an equivalence. The
natural map Z(i)™°%(X) — Z(i)*¥(X) is an equivalence if and only if it is an equivalence rationally,
and modulo p for every prime number p. For every prime number p, the functor F,(7)®™3 is zero on
qcqs Z[%]—schemes. The result is then a consequence of Corollary 3.25 and Theorem 10.16 (1)-(2). O

The following result is [EM23, Theorem 6.1 (2)], where we use Theorem 10.15 and Example 10.13 (2)
to identify cdh-local and A'-invariant motivic cohomologies in characteristic p.

Theorem 10.21 ([EM23|). Let p be a prime number, and X be an ind-reqular F,-scheme. Then for
every integer v > 0, the natural map

Z(i)" (X) — Z()* (X)
is an equivalence in the derived category D(Z).

Corollary 10.22. Let p be a prime number, V be a characteristic p perfect valuation ring, and X be
an ind-smooth scheme over V. Then for every integer i > 0, the natural map

Z(i)" (X) — Z()* (X)
is an equivalence in the derived category D(Z).

Proof. By [AD21, Proposition 4.1.1], the perfect valuation ring V' is the filtered colimit of its smooth
Fp-subalgebras. So the scheme X is in particular ind-smooth over F,, and the result is a consequence
of Theorem 10.21. O

We now study motivic regularity in mixed characteristic.
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Proposition 10.23 (Motivic regularity of valuation rings). Let V be a henselian valuation ring. If V
satisfies the condition Val(V') (e.g., if V is an extension of a perfectoid valuation ring), then for every
integer ¢ > 0, the natural map

L) (V) — 20 (V)

is an equivalence in the derived category D(Z).

Proof. If the ring V satisfies the condition Val(V'), the natural map

1

Z(iy™N (V) — Z(i)* (V)
is naturally identified with the natural map
Z(i)mot(v) SN Z(i)cdh(v)

in the derived category D(Z) (Theorem 10.15 (3)). This latter map is an equivalence by Remark 3.23,
and because henselian valuation rings are local for the cdh topology. O

Proposition 10.24 (|[BEM]). Let p be a prime number, S be a qcgs scheme of finite valuative dimen-
sion and satisfying the condition Val(S,p), and X be a geqs S-scheme. Then for any integers i > 0
and k > 1, the fibre of the cdh-local Beilinson—Lichtenbaumn comparison map (Definition 5.2)

Z [p* (D)™ (X) — RTat(X[3], 15)
in the derived category D(Z /p*) is in degrees at least i.

Proof. The presheaves Z /p”*(i)¢d®(—) and Rrét(*[%}, u?,f) are finitary cdh sheaves on qcqs S-schemes
(IBEM] and Theorem 5.1), so it suffices to prove the result on henselian valuation rings V with a
map Spec(V) — S (JEHIK21, Corollary 2.4.19]). If the henselian valuation ring V' is p-torsionfree, the
condition Val(S,p) and Corollary 5.12 imply that the fibre of the Beilinson-Lichtenbaum comparison
map .

Z [P (D) (V) — RTat (V] 1)
is in degrees at least :+1. If the henselian valuation ring V' is not p-torsionfree, then it is an F,-algebra,
and it is F-smooth (Theorem 10.11 (2)). In particular, there is a natural equivalence

Z [p*(i)PMS (V) = RTe(V, Wi, ) [—]
in the derived category D(Z /p*) ([LM23, Proposition 5.1 (ii)]), and Theorem 5.10 implies that the
fibre of the Beilinson—Lichtenbaum comparison map is in degrees at least i. O

Theorem 10.25. Let p be a prime number, V be a valuation ring whose p-completion is perfectoid,
and X be a p-torsionfree F-smooth scheme over Spec(V). Then for any integers i > 0 and k > 1, the
fibre of the natural map

Z [P ()™ (X) — Z /()" (X)

in the derived category D(Z /p*) is in degrees at least i + 1.

Proof. By Theorem 10.15 (3) and Example 10.13 (3), this is equivalent to the fact that the fibre of the
left vertical map in the natural commutative diagram

Z JpH (i) (X) ————— RTe(X[L],n%)

|

Z Jp* (i) (X) —— (LcthFét(*[%],M%))(X)

is in degrees at least i+ 1, i.e., that it is an isomorphism on cohomology groups in degrees less than or
equal to i — 1, and injective in degree 7. The right vertical map is an equivalence (Theorem 5.1). The
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fibre of the top horizontal map is in degrees at least ¢ + 1 (Corollary 5.12). The fibre of the bottom
horizontal map is in degrees at least ¢ (Proposition 10.24 and Theorem 10.11(3)). This implies the
desired result, by the following elementary argument. On cohomology groups in degrees at most i — 2,
all but the left vertical map are isomorphisms, so the left vertical map is an isomorphism. In degree
i —1, the top horizontal and right vertical maps are isomorphisms, so the left vertical map is injective;
the bottom horizontal map is moreover injective, so the left vertical map is an isomorphism. In degree
1, the top horizontal map is injective and the right vertical map is an isomorphism, so the left vertical
map is injective. O

Corollary 10.26. Let V be a valuation ring whose p-completion is perfectoid for every prime num-
ber p,'% and X be an ind-smooth V-scheme. Then for every integer i > 0, the fibre of the natural
map

Z(i)™ (X) — Z(0)* (X)

in the derived category D(Z) is in degrees at least i + 2.
Proof. By [AMM22, Corollary 2.3 and Proposition 2.4.2], the natural map

K(X) — KH(X)

is an equivalence of spectra for every ind-smooth scheme over a general valuation ring V. By Theo-
rem 10.1, this implies that the natural map

Qi)™ (X) — Qi)™ (X)

is an equivalence in the derived category D(Q). That is, the cohomology groups of the fibre of the
natural map

Z(i)™°(X) — Z()* (X)

are torsion. In degrees less than or equal to 7 + 2, and if the p-completion of the valuation ring V is
perfectoid for every prime number p, then these cohomology groups are also p-torsionfree for every
prime number p by Theorem 10.25, and are thus zero. O

16Note that this condition is vacuously true for every prime number p different from the residue characteristic of the
valuation ring V.
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11 EXAMPLES

In this subsection, we revisit certain known results on algebraic K-theory in terms of the motivic
complexes Z(i)™0t,

11.1 Perfect and semiperfect rings

Let p be a prime number. It was proved by Kratzer [Kra80, Corollary 5.5] that for every perfect
F,-algebra R and every integer n > 1, the K-group K, (R) is uniquely p-divisible (see also [AMM22] for
a mixed characteristic generalisation). It was also proved by Kelly-Morrow that for every F,-algebra R
with perfection Rper, the natural map K(R) — K(Rperr) is an equivalence after inverting p ([KM21,
Lemma 4.1], see also [EK20, Example 2.1.11] and [Cou23, Theorem 3.1.2 and Proposition 3.3.1] for
different proofs). The following result is a motivic refinement of these two facts.

Theorem 11.1 (Motivic cohomology of perfect F,-schemes, after [EM23]). Let X be a qcgs F,,-scheme.
(1) For every integer i > 0, the natural map
Z(i)™N(X)[5] — Z(1)™ (Xpert) [ 5]

1 1
p P
is an equivalence in the derived category D(Z[%]).
(2) For every integer i > 1, the natural map
Z(i)™" (Xpert) — Z(i)"™" (Xpers)[]
is an equivalence in the derived category D(Z).

Proof. By [EM23, Theorem 4.24 (5)],7 for every integer i > 0, the natural map
¢+ Z(1)"(X) — Z(1)™(X)

induced by the absolute Frobenius ¢x : X — X of a qcgs Fp-scheme X is multiplication by p’. In
particular, this natural map is an equivalence after inverting p, and (1) is a consequence of this and the
fact that the presheaf Z(i)™°t is finitary ([EM23, Theorem 4.24 (4)]). Similarly, the same result applied
to the perfect Fj-scheme X implies that multiplication by p’ on the complex Z(7)™°% (X perr) € D(Z)
is an equivalence. If 7 > 1, this is equivalent to the fact that the natural map

Z(i)mOt (Xperf) — Z@)mm (Xperf) [%]
is an equivalence in the derived category D(Z). O

Remark 11.2 (Negative K-groups of perfect F,-algebras). It is possible to construct examples of per-
fect F,,-algebras whose negative K-groups are not p-divisible ([Cou23, Section 3.3]). Theorem 11.1 (2)
states that the only non-p-divisible information in the negative K-groups of a perfect IF,-algebra R ac-
tually come from weight zero motivic cohomology, i.e., from the complex RI'.qn(R,Z) (Example 4.69).

Recall that a IF,-algebra is semiperfect if its Frobenius is surjective.

Corollary 11.3 (Motivic cohomology of semiperfect F,-algebras). Let S be a semiperfect F,-algebra.
Then for every integer i > 1, the natural commutative diagram

Z(i)m(S) —— Zp(D)¥"(S)

| |

Z(i)™° (Spert) — Zp(1)™™ (Sperr)

is a cartesian square in the derived category D(Z).

"This result is proved as a consequence of the same result in classical motivic cohomology [GL00] and in syntomic
cohomology [AMMN22], and ultimately goes back to the fact that the Frobenius acts by multiplication by p* on the

logarithmic de Rham—Witt sheaf WQfog.
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Proof. 1t suffices to prove the result modulo p, and after inverting p. After inverting p, the vertical
maps become equivalences by Theorem 11.1 (1) (and the same argument for syntomic cohomology).
We prove now the result modulo p. By Theorem 11.1(2) (and the same argument for syntomic
cohomology), the bottom terms of the commutative diagram are zero modulo p, so it suffices to prove
that the natural map

Fy (i)™ (S) — Fp()™"(5)

is an equivalence in the derived category D(FF,). By [EM23, Corollary 4.32] (see also Theorem 5.10 for
a mixed characteristic generalisation), this is equivalent to the fact that

Rchh(S, Z(’L))[—Z — 1] ~0

in the derived category D(F,). By definition, the Frobenius map ¢s : S — S is surjective, and has
nilpotent kernel. The presheaf RT'cqn(—, 7 (7))[—i — 1] is a finitary cdh sheaf, so the natural map

RTcan (S, v(2))[—i — 1] — RTcan(Sperr, (1)) [—1 — 1]

is then an equivalence in the derived category D(F,). The target of this map is zero by Theorem 11.1 (2)
(where we use that ¢ > 1, and the same argument for syntomic cohomology), and applying [EM23,
Corollary 4.32] to the perfect Fp-algebra Spers. O

11.2 Finite chain rings

Finite chain rings are commutative rings O /7", where Ok is a mixed characteristic discrete
valuation ring with finite residue field, 7 is a uniformizer of O, and n > 1 is an integer. Examples of
finite chain rings thus include finite fields, rings of the form Z /p™, and truncated polynomials over a
finite field.

Lemma 11.4. Let Ok be a discrete valuation ring of mized characteristic (0,p) and with finite residue
field F,, m be a uniformizer of Ok, and n > 1 be an integer. Then for every integer i > 0, there is a
natural equivalence

Z(i)™ (O /™) ~ { %L()(L)BMS(OK/Wn) ® Z(i)™ (F,)[4] gz ; (1)
in the derived category D(Z).
Proof. The result for ¢ = 0 follows from the equivalences
Z(0)™ (O /7™) =~ RUcan(Ox /7", Z) =~ RT can(Fy, Z) ~ Z|0)]

in the derived category D(Z), the first equivalence being Example 4.69, the second equivalence being
nilpotent invariance of cdh sheaves, and the last equivalence being a consequence of the fact that fields
are local for the cdh topology.

For every integer ¢ > 0, the commutative diagram

(i)™ (O [7") —— Lp(i)PM (O /")

! |

Z (i)™ (Fg) ———— Zyp(i)PM5(F,)

is a cartesian square in the derived category D(Z) (Theorem 3.28). If ¢ > 1, the bottom right term
vanishes (use for instance the description of Bhatt—Morrow—Scholze’s syntomic cohomology in charac-
teristic p in terms of logarithmic de Rham-Witt forms), and there is a natural equivalence

Z (i)™ (Fq) — Z (i)™ (Fy)[ ;]

in the derived category D(Z) (by a classical result in motivic cohomology, see also Theorem 11.1(2)
for a more general statement), hence the desired result. O
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Proposition 11.5. Let Ok be a mized characteristic discrete valuation ring with finite residue field,
7w be a uniformizer of Ok, and n > 1 be an integer. Then for every integer m € 7Z, there is a natural
isomorphism

Z ifm=0

H.. (Ok /7" Z() ifm=2i—1,i>1

H2,. (O /7™, Z(i)) ifm=2i—2, i>2

0 ifm<0

K (Og/m") =

of abelian groups.

Proof. Let p be the residue characteristic of the discrete valuation ring Ok. The result with p-adic
coefficients is [AKN24, Corollary 2.16]. The result with Z[%]—coef‘ﬁcients reduces to the case n = 1,
where the result follows from the description of the (classical) motivic cohomology of finite fields. The
integral result is then a consequence of Lemma 11.4. O

Theorem 11.6 (Motivic cohomology of finite chain rings, after [AKN24]). Let Ok be a discrete
valuation ring of mized characteristic (0,p) and with finite residue field F,, m be a uniformizer of Ok,
and n > 1 be an integer. Then for every integer i > 4p™,'® the motivic complex

Z(i)™**(Ox /") € D(Z)
is concentrated in degree one, where it is given by a group of order (¢¢ — 1)g*™ 1.

Proof. This is a consequence of Lemma 11.4, the classical computation of the motivic cohomology
of F,, and [AKN24, Theorem 1.4 and Proposition 1.5]. O

Remark 11.7 (Nilpotence of v1). Antieau—Krause-Nikolaus also determine the nilpotence degree
of the element vy in the mod p syntomic cohomology of Z /p™ (JAKN24, Theorem 1.8]). This is a
refinement of the key result in the study of K (1)-local K-theory of Bhatt—Clausen-Mathew [BCM20].
Note that this result on the nilpotence degree of v; can be reformulated, via Lemma 11.4, as a statement,
on the mod p motivic cohomology of Z /p™.

11.3 Valuation rings

Recall that a valuation ring is an integral domain V such that for any elements f and g in V,
either f € gV or g € fV. In recent years, valuation rings have been used as a way to bypass reso-
lution of singularities, in order to adapt arguments from characteristic zero to more general contexts
[KST21, KM21, Bou23, BEM]. In this subsection, we describe the motivic cohomology of valuation
rings (Theorems 11.8 and 11.13). We start with the following result, stating that the motivic com-
plexes Z(i)™° on henselian valuation rings, have a description purely in terms of algebraic cycles. See
[EM23, Section 9] for related results over a field.

Theorem 11.8. Let V be a henselian valuation ring. Then for every integeri > 0, the motivic complex
Z(1)m°(V) € D(Z) is in degrees at most i, and the lisse-motivic comparison map (Definition 7.1)

Z(i)lisseu/—) — Z(i)mOt(V)
is an equivalence in the derived category D(Z).

Proof. The second statement already appears in the proof of Lemma 9.25. As in Lemma 9.25 or
Corollary 7.12, the first statement is then a consequence of [Gei04, Corollary 4.4]. O

Example 11.9. Let V' be a henselian valuation ring. By Example 4.69, there is a natural equivalence

Z(0)™ (V) ~ Z[0]

18Note that this is not an optimal lower bound on the integer i. See [AKN24, Theorem 1.4] for a more precise result,
in terms of the ramification index of Og.
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in the derived category D(Z). Similarly, Theorem 11.8, Example 3.9, and the fact that the Picard
group of a local ring is zero, imply that the motivic complex Z(1)™°*(V) € D(Z) is concentrated in
degree one, where it is given by
Hyo (VL Z(1)) 2 V.
We now apply the results of the previous sections to give an alternative description of the mo-
tivic cohomology of valuation rings with finite coefficients. The following proposition will be used to

reformulate the results of [Bou23] on syntomic cohomology in terms of motivic cohomology.

Proposition 11.10. Let p be a prime number, and V be a henselian valuation ring. Then for any
integers i > 0 and k > 1, there is a natural equivalence

Z [p" (@) (V) = TS [pF (i)Y (V)
in the derived category D(Z /p*).

Proof. Henselian valuation rings are local rings for the cdh topology, so this is a consequence of
Theorem 5.10. O

The following result is an analogue for valuation rings of Geisser—Levine’s description of motivic
cohomology of smooth F,-algebras [GL0O0]. It can be deduced from the results of Kelly-Morrow [KM21]
and Elmanto-Morrow [EM23].

Theorem 11.11. Let p be a prime number, and V be a henselian valuation ring of characteristic p.
Then for any integers i > 0 and k > 1, there is a natural equivalence

Z " (@)U (V) = Wiy 1og[~1]
in the derived category D(Z /p").

Proof. Valuation rings of characteristic p are Cartier smooth over I, by results of Gabber-Ramero
and Gabber ([Bou23, Theorem 3.4]), so this is a consequence of [LM23, Proposition 5.1 (i¢)] and
Proposition 11.10. O

We then prove a mixed characteristic version of Theorem 11.11, starting with the following f-adic
general result.

Proposition 11.12. Let p be a prime number, and V' be a henselian valuation ring such that p is
invertible in V. Then for any integers i > 0 and k > 1, the Beilinson—Lichtenbaum comparison map
(Definition 5.3) naturally factors through an equivalence

Z [p* (i) (V) =5 75T RDg (Spec(V), uf?,f)
in the derived category D(Z [p*).

Proof. By Proposition 11.10, the motivic complex Z /p*(i)™°¢(V') € D(Z /p*) is in degrees at most 1,
so the result is a consequence of Corollary 5.6. O

The following result generalises Proposition 11.12 when p is not necessarily invertible in the valu-
ation ring V, at least over a perfectoid base.

Theorem 11.13 (Motivic cohomology of valuation rings with finite coefficients). Let p be a prime
number, Vi be a p-torsionfree valuation ring whose p-completion is a perfectoid ring, and V be a
henselian valuation ring extension of Vo. Then for any integers i > 0 and k > 1, the Beilinson—
Lichtenbaum comparison map (Definition 5.8) induces a natural map

Z [p" (i) (V) — 7= RTe(Spec(V [}]). 111)

in the derived category D(Z /p*), which is an isomorphism in degrees less than or equal to i—1. On H,
this map 1is injective, with image generated by symbols, via the symbol map

(VZ)® = He(Spec(V[5]), pr)-

105



TESS BOUIS

Proof. The fact that the Beilinson—Lichtenbaum comparison map factors through the complex
7= Rle(Spec(V [3]), i) € D(Z /p")

is a consequence of Proposition 11.10. The isomorphism in degrees less than or equal to i — 1 and the
injectivity in degree ¢ of this map are then a consequence of [Bou23, Theorems 3.1 and 4.12]. The last
statement is a consequence of the isomorphism

RY (V)7 = B (V.2 /0"(3)
of abelian groups (Theorem 7.21 and Corollary 7.10). O

Remark 11.14. The generation by symbols appearing in Theorem 11.13 was also studied in the
context of syntomic cohomology of general p-torsionfree F-smooth schemes by Bhatt—Mathew [BM23].
Note that all valuation rings are conjecturally F-smooth (see Conjecture 10.10), and that the proof of
Theorem 11.13 adapts more generally to any henselian F-smooth valuation ring.

11.4 C*-algebras

By Gelfand representation theorem, the commutative C*-algebras are exactly the algebras of con-
tinuous complex-valued functions % (X;C) on a compact Hausdorff space X. An important theorem
of Cortinas-Thom states that commutative C*-algebras are K-regular (|[CT12, Theorem 1.5]). This
result was further generalised recently by Aoki to all smooth algebras over commutative C*-algebras,
and over a general local field ([Aok24, Theorem 8.7]). The following result is a motivic analogue of the
latter result.

Theorem 11.15 (C*-algebras are motivically regular, after [CT12, Aok24|). Let X be a compact
Hausdorff space, F be a characteristic zero local field, and A be a smooth € (X; F)-algebra. Then for
any integers i > 0 and n > 0, the natural map

Z(i)™°(A) — Z(i)™ (A[T, ..., T,))
is an equivalence in the derived category D(Z).
Proof. By [Aok24, Theorem 8.7 (2)], the natural map
K(A[Ty,...,T,])) — KH(A[T\,...,T,))

is an equivalence of spectra for every integer n > 0. By Corollary 10.17, this implies that the vertical
maps in the commutative diagram

Z(1)™oY(A) —— Z(i)™° (AT, ..., T,])

| |

Z(i)A (A) — Z()A (A[Tx, ..., T))

are equivalences in the derived category D(Z). The bottom horizontal map is an equivalence in the
derived category D(Z) by definition of the presheaf Z(i)Al (IBEM], see also Section 10). So the top
horizontal map is an equivalence in the derived category D(Z). O

11.5 Truncated polynomials

In this subsection, we study the motivic cohomology of truncated polynomials, i.e., the motivic
cohomology of commutative rings of the form R[z]/(z¢). Given a D(Z)-valued functor F(—), a com-
mutative ring R, and an integer e > 1, we use the notation

F(R[z]/(x°), (z)) = fib(F(R[z]/(z°)) — F(R)),
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where the map is induced by the canonical projection R[x]/(x¢) — R.

The relative K-theory K(k[z]/(z¢), (x)) of truncated polynomials over a perfect field k of positive
characteristic was computed by Hesselholt—-Madsen [HM97b, HM97a|, using topological restriction
homology. Their calculation was reproved by Speirs [Spe20] using Nikolaus—Scholze’s approach to
topological cyclic homology [NS18], and by Mathew [Mat22] and Sulyma [Sul23] using Bhatt—Morrow-
Scholze’s filtration on topological cyclic homology [BMS19]. This last approach was then extended
to mixed characteristic by Riggenbach [Rig22]. More precisely, Riggenbach used computations in
prismatic cohomology to extend the previous result to a computation of the p-adic relative K-theory
K(R[z]/(z°), (x); Zy) of perfectoid rings R, and also reproved the p-adic part of the known description
of K(Z[z]/(x¢), (x)), originally due to Angeltveit—Gerhardt—Hesselholt [AGH09].

This recent progress would seem to indicate that K-theory calculations using equivariant stable ho-
motopy may be pushed further by using cohomological techniques. Note however that the calculations
in [Mat22, Sul23, Rig22| are purely p-adic ones, as they rely on (instances of) prismatic cohomology.
In fact, all of the previous integral calculations in mixed characteristic (i.e., for R the ring of integers of
a number field) rely on a rational result of Soulé [Sou81] and Staffeldt [Sta85], who compute the ranks
of the associated relative K-groups using equivariant homotopy theory. In this subsection, we revisit
and extend this rational computation, and discuss some natural motivic refinements of the previous
results.

All of the above calculations use trace methods, via the Dundas—Goodwillie-McCarthy theorem.
We first state the corresponding results at the level of cohomology theories.

Lemma 11.16. Let R be a commutative ring, and e > 1 be an integer. Then for every integer i > 0,
the natural map
Z(i)* (R[] / (x%), (z)) — Z(i)"°(R[z]/(z°), (x))

is an equivalence in the derived category D(Z).

Proof. This is a direct consequence of Remark 3.20, and the fact that cdh sheaves are invariant under
nilpotent extensions. O

Corollary 11.17. Let R be a commutative ring, e > 1 be an integer, and p be a prime number. Then
for every integer i > 0, the natural map

Zy(0)™°(Rlz] /(2%), () — Zp(i)"M5 (R[z]/(2%), (x))
is an equivalence in the derived category D(Z,).
Proof. This is a consequence of Lemma, 11.16. O

Corollary 11.18. Let R be a commutative ring, and e > 1 be an integer. Then for every integer
t > 0, there is a natural equivalence

Q@)™ (R[z]/(2°), (x)) =~ LQFé[z]/(we),(x))@/Q[_l]
in the derived category D(Q).

Proof. This is a consequence of Lemma 11.16 and cdh descent for the presheaf LO_ /@ on commutative
Q-algebras (JEM23, Lemma 4.5]). O

Lemma 11.19. For every commutative ring R and integer e > 1, the object
Z(0)™ (R[z]/(z°), (x))
is zero in the derived category D(Z).

Proof. This is a consequence of the fact that the motivic complex Z(0)™°t is a cdh sheaf (Example 4.69).
O
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Lemma 11.20. For any integers e > 1 and i > 0, the complex

<i
LG/ (@)@ 0 € P(Q)

is concentrated in degree zero, given by a Q-vector space of dimension e — 1.

Proof. This follows from a standard argument using the natural grading of the Q-algebra Q[z]/(z¢)
and the Q-linear derivation d : Q[z]/(z¢) — Q[z]/(x¢) given by d(x?) = jx?; see for instance the proof
of [Sta85, Proposition 5]. O

Theorem 11.21. Let R be a commutative ring such that the cotangent complex L gg,q)/q vanishes
(e.g., if R®z Q is ind-étale over Q),'° and e > 1 be an integer. Then for every integer i > 1, there is
a natural equivalence

Qi)™ (Rla]/(2°), (2)) ~ (R ®z Q) [-1]
in the derived category D(Q).

Proof. By Corollary 11.18, there is a natural equivalence

Q)™ (Rlz]/(z°), (x)) ~ LQF]%[z]/(ze),(z))Q/Q[_l]

in the derived category D(Q). By the Kiinneth formula for derived de Rham cohomology, and because
all the positive powers of the cotangent complex L(rg,q),@ vanish, there is a natural equivalence

<i T O<i
LR/ @), (@))0/ @ = L QL) /(20 (2))/ 0 B0 B

in the derived category D(Q). The result is then a consequence of Lemma 11.20. O

When R is the ring of integers of a number field, the following result is due to Soulé [Sou81] when
e = 2, and to Staffeldt [Sta85] for e > 2 a general integer. Their proof uses rational homotopy theory,
and ultimately reduces to a computation in cyclic homology.

Corollary 11.22. Let R be a commutative ring such that the cotangent complex L rg,q),q vanishes,
and e > 1 be an integer. Then for every integer n € Z, there is a natural isomorphism

. o~ ) (RezQ) ! ifnisoddand n>1
Kn(Rz]/(2%), (2); Q) = { 0 otherwise
of abelian groups.
Proof. This is a consequence of Theorem 11.21 and Corollary 4.57. O

Remark 11.23. Let K be a number field, Ok be its ring of integers, and e > 1 be an integer. The
orders in the torsion part of the relative K-theory K(Ogl[z]/(x¢), (x)) were completely determined in
[Rig22, Remark 1.8]. It would be interesting to use this result and Theorem 11.21 to obtain an integral
description of the relative motivic complexes Z(i)™°%(Og|z]/(x¢), (z)) for all i > 0. This would in
particular reprove and generalise the result for K = Q of Angeltveit—Gerhardt—Hesselholt [AGHO09].

We also deduce from the work of Riggenbach the following motivic interpretation of the analogous
result in K-theory ([Rig22, Theorem 1.1]).

Theorem 11.24 (Truncated polynomials over perfectoids, after [Rig22]). Let R be a perfectoid ring,
and e > 1 be an integer. Then for every integer i > 1, there is a natural equivalence

Zp(i)"" (R[] /(2°), () ~ Wei(R)/VeWi (R)[-1]

in the derived category D(Z,), where W(R) denotes the big Witt vectors of R, and V the associated
Verschiebung operator.

193ee [MM22] for more on this condition.
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Proof. This is a consequence of [Rig22, proof of Corollary 6.5] and Corollary 11.17. O

Remark 11.25 (Cuspidal curves). The algebraic K-theory of cuspidal curves (i.e., curves that are
defined by an equation of the form y* — z®, for a,b > 2 coprime integers) was completely determined
over a perfect Fp-algebra by Hesselholt—Nikolaus [HN20], using Nikolaus—Scholze’s approach [NS18]
to topological cyclic homology. This result was then generalised to mixed characteristic perfectoid
rings by Riggenbach [Rig23], ultimately relying on computations in relative topological Hochschild
homology. It would seem that the associated Atiyah—Hirzebruch spectral sequence should degenerate
in this context, thus providing a similar computation of the motivic cohomology of cuspidal curves.
An interesting question would be whether these results can be reproved, or even extended to more
general base rings, using techniques from prismatic cohomology and derived de Rham cohomology.
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