THE CYCLOSYNTOMIC REGULATOR OF A NUMBER FIELD

TESS BOUIS* AND ¢-UENTIN GAZDAT

We construct a g-deformation of the p-adic regulator of a number field, called the
cyclosyntomic requlator, building on the Habiro ring of Garoufalidis—Scholze—Wheeler—
Zagier. The key new ingredient in our construction is a refinement of Sulyma’s norm
maps in prismatic cohomology, which interpolate between classical powers and Frobe-
nius maps at various prime numbers p. Furthermore, we compute the values of the
cyclosyntomic regulator at units of the form 1 — {, where ( is a root of unity.
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1 Introduction

Motivated by questions on the emerging theory of p-adic L-functions, Leopoldt [Leo62] defined
the p-adic regulator map of a number field K

reg, : O — H C, Lok, H Cp

oc€Hom(K,Cp) oc€Hom(K,Cp)

as a non-archimedean analogue of the classical regulator map. This p-adic regulator, via the p-adic
class number formula proved by Colmez [Col88], is in particular related to the residue at s =1 of
the p-adic Dedekind zeta function of K. The Leopoldt conjecture [Leo62, Leo75], stating that the
image of the p-adic regulator map is a lattice of rank r; + ro — 1, is however still open beyond the
case where K is an abelian extension of Q or of an imaginary quadratic number field (see [NSWO08,
Chapter X.3] for a review).

The modern theory of regulators, as initiated by Beilinson [Bei84], recasts the regulator map of
a number field as an instance of higher Chern class maps to Deligne cohomology. In the p-adic
setting, it was first noted by Kato [Kat87, Remark 3.5] that syntomic cohomology should be a
good analogue of Deligne cohomology, and such a cohomological approach to p-adic regulators was
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successfully used by Gros and Kurihara [Gro90, Gro94] to open the study of the p-adic Beilinson
conjectures.

Recall that syntomic cohomology was first introduced by Fontaine-Messing [FMS87] in terms of
p-adic de Rham cohomology, and that a well-behaved integral refinement of their definition was
introduced by Bhatt-Morrow—Scholze [BMS19] and Bhatt—Scholze [BS22] in terms of prismatic
cohomology. Following the latter approach, the p-adic regulator map of a number field K is then
induced by the syntomic first Chern class

" Gr(R) — HL (R, Z,(1))

syn

of R := 0%k, where the weight one syntomic complex of R is defined, in terms of the Breuil-Kisin
twisted r{1} and Nygaard filtered .#Z! {1} prismatic cohomology of R, by

can—Frob,, {1}
_—

RP4yn (R, Z,(1)) := fib (JV>1 r{1} R{1}).

The goal of this article is to introduce and study a decompleted refinement of this story (i.e., where
the cohomology groups are not p-complete), which in particular allows us to interpolate the p-adic
regulator maps between different prime numbers p.

Definition 1.1 (Cyclosyntomic cohomology; see Definition 4.7). Let K be a number field, Ak
be the discriminant of K, R be the étale Z-algebra Ok [A;L and d > 2 be an integer. The
cyclosyntomic complex of R is the complex

can—Frob“{1}
%

RFCYCsyn(RaZ(l)(d)) = |7 R {1} ‘gr({d){l}

in the derived category Z(Z), where A4 Z1¢z{1} and (5}({1){1} are Z[g]-modules constructed as
“decompleted versions” of the prismatic objects 42! gr{1} and gr{1}.

To define the objects appearing in Definition 1.1, we use in a crucial way the recent definition of
Habiro ring .#% of Garoufalidis—Scholze-Wheeler—Zagier [GSWZ24], which can be seen as a ring of
“analytic functions in one variable ¢ at roots of unity”. For instance, 77 = lim,,>1 Z[¢] (Aqm_l) where
the limit of the completions is taken over the set of integers m > 1 partially ordered by divisibility.
We refer to Section 3.1 for the definition of these Habiro rings, and to [Sch25, Wag25, GW25] for
recent progress towards a more general theory of Habiro cohomology.

More precisely, we introduce the notion of cyclotomic ring ér of a commutative ring R, as a
reduced version of the Habiro ring .#% (Examples 2.23 (2)), in terms of the theory of big ¢-Witt
vectors developed by Wagner [Wag24]. For instance, 67z := limy,>1 Z[q]/(¢"™ —1). These cyclotomic
rings ¢r are commutative Z[g]-algebras, and we define its cousins .4 Z1%Rr{1} and %éd){l} as
%r-modules which are compatible with the definitions of the Nygaard filtered and Breuil-Kisin
twisted prismatic complexes [BMS19, BS22, B1.22, AKN23|.

Theorem A (First Chern class; see Sections 4.1 and 4.2). Let K be a number field, and R be the
étale Z-algebra Ok [Agl]. For every prime number p, there is a natural p-adic realisation map

RT cyesyn (R, Z(1)®)) — RTgsyn(R, Zp(1))

to the syntomic cohomology of R relative to the g-prism (Zy[q — 1],[ply). Moreover, for every
integer d > 2, there exists a natural cyclosyntomic first Chern class

Y G, (R)[—1] — Rl cyesyn (R, Z(1)D)

which recovers, for d = p and after post-composing with the previous p-adic realisation map, the
syntomic first Chern class of R.

By the work of Bhatt—Lurie [BL22], the theory of integral syntomic cohomology is equipped with
a natural theory of Chern classes, which is built out of their notion of prismatic logarithm log .
A derived refinement dlog of their construction was more recently introduced by Mao [Mao24],
and we similarly define the notion of cyclotomic logarithm

dlog.y. : Gm(R)[-1] — A7 4R {1}
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to construct the cyclosyntomic first Chern class of Theorem A. The key to define this cyclotomic
logarithm is a refinement of Sulyma’s norm maps in prismatic cohomology [Sul23, Mao24], which
we call the cyclotomic norms (Proposition 2.20).

Note that, although one may define the objects A4 Z1¢Rr{1} and ¥x{1} purely in terms of the
g-Witt vectors of [Wag24], we do need to use the Habiro rings of [GSWZ24, Wag25] to define the
previous cyclotomic logarithm (Construction 3.15). Relatedly, one can prove that this cyclotomic
logarithm cannot be lifted to a nontrivial notion of Habiro logarithm (Remark 3.19), which is our
main reason for working at the level of cyclotomic rings rather than at the level of Habiro rings.

Using these cohomological constructions, we now return to the number theoretic questions that
motivated the study of these regulators. In the p-adic setting, an important application of syntomic
cohomology is Kato’s cohomological interpretation of explicit reciprocity laws [Kat91]. In this
paper, Kato gives in particular the fundamental expression

1 uP
7w log (m) € HL . (R, Z,(1))
for the syntomic first Chern class of a unit u € R* ([Kat91, Corollary 2.9], see also [Gro90,
Proposition 4.1]). The following result is the analogous computation in our context.

Theorem B (See Corollary 4.18). Let K be a number field, R be the étale Z-algebra Ok [Ay'], and
d > 2 be an integer. For every unit u € R*, the cyclosyntomic first Chern class at u is given by

1 (@)
CycSyn | | _d\%) H1 R, Z(1 (d)
oy U o og( obgab(ﬁ)) € Hoyesyn (R, Z(1)')

where Iy is a q-deformation of the d*" power map (Proposition 3.17), Flrobgab is the d* Habiro
Frobenius (Construction 5.7), and @ := (TIE2P(u)),,>1 is any sequence of Habiro lifts TIIEP (u) in
Hm/ (@™ — 1) of the cyclotomic norms I, (u) € R m/(¢™ — 1) of u (Proposition 2.20).

Unwinding the definitions, Theorem B boils down to constructing suitable homotopies of the
desired form modulo ¢™ — 1 which are compatible between different integers m > 1. We do so
in Construction 4.12, after introducing the relevant Frobenius map on the Habiro ring of R in
Section 3.1.

Although slightly intractable for completely general computations, the previous formula for the
(cyclo)syntomic first Chern class can be made more explicit on the subgroup of cyclotomic units,
i.e., on the subgroup generated by elements of the form 1 — € K* for ¢ a root of unity. We refer
to [Was97, Chapter 8| for a survey on cyclotomic units, and simply point out that cyclotomic units
form a subgroup of finite index in the group of units of a cyclotomic field.

In the context of regulators, the role of these cyclotomic units was highlighted by Deligne’s
construction of a variation of mixed Hodge-Tate structure Zog™ on P!(C) \ {0,1,00}, called
the polylogarithm variation, which splits at roots of unity [Del89]. More concretely, this specific
phenomenon at roots of unity implies that the special values of the first polylogarithm function

Zk
Lij(z) = » -

k>1

at roots of unity can be seen as natural classes in weight one Deligne cohomology [BD94, HWO98].
A similar p-adic story of polylogarithms was initiated by Coleman [Col82| (see also [Del89, 3.2]),
who in particular defined the first p-adic polylogarithm function

k
. z
ngp) (Z) = E ?

k>1
ptk

whose special values at roots of unity were later proved to appear naturally as classes in weight
one syntomic cohomology [Gro90].

Given the prominent role of roots of unity in the context of Habiro cohomology, the following
result can be seen as an attempt to better understand the relation between polylogarithms and
cyclotomic units.
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Theorem C (First ¢g-polylogarithm as cyclosyntomic Chern class; see Theorem 4.25). Let K be a
number field, R be the étale Z-algebra Ok [Afil], and d > 2 be an integer. For every root of unity
¢ € R\ {£1}, the cyclosyntomic first Chern class at 1 — ¢ € R* is given by

Y ¢y — L ([))g € Heyegyn (R, Z(1)(@)

where
k

.(d z
ng )(z)q = Z —_—

=1 Kl
dfk

is the first g-polylogarithm seen as a convergent q-power series in a suitable sense (Section 4.3)
and [C] is a natural sequence of Habiro lifts of the cyclotomic norms of ¢ (Notation 4.20).

In particular, via the p-adic realisation map of Theorem A, the cyclosyntomic cohomology classes
of Theorem C also induce natural ¢g-polylogarithm classes in the syntomic cohomology of R relative
to the ¢g-prism. The proof of Theorem C essentially relies on the fact that cyclotomic units v admit
a natural explicit lift o to the Habiro ring, which makes it possible to compute the Habiro Frobenius
in Theorem B.

We end this introduction by mentioning two further potential directions of research. First, it
is possible to assemble the cyclosyntomic complexes of Definition 1.1 for various d > 2 into a
nontrivial complex of abelian groups. The resulting cyclosyntomic complex computes extensions
of Tate objects in a category of ¥r-modules equipped with compatible d" Frobenius maps for all
integers d > 2. This phenomenon will be discussed by the second author in an epilogue to this
article [Gaz26].

Moreover, we expect that the first cyclosyntomic Chern class constructed here should be part
of a more general theory of higher Chern classes, which would relate the higher K-groups of a
number field, cyclosyntomic complexes of higher weights, and higher g-polylogarithms. While such
a general theory seems currently out of reach, we expect that ongoing progress in the theory of
Habiro cohomology may provide insight for further progress in this direction.

Notation.

We denote by Ak the discriminant of a number field K. The g-analog 1 + ¢+ ---+¢™ ! € Z[q]
of an integer m > 1 is denoted by [m],. For every integer e > 1, we denote by ®.(q) € Z[q] the
e’ cyclotomic polynomial. Given an integer m > 1 and a prime number p, we denote by vp(m)
the p-adic valuation of m. Given integers a,b > 1, we denote by (a,b) (resp. [a,b]) the greatest
common divisor (resp. the least common multiple) of a and b. Given a commutative ring R, we
denote by Z(R) the derived co-category of R-modules. We refer to [AT69, Sections I.1 and 1.4] for
the definition and basic properties of A-rings. We call a A-ring R perfect if its Adams operations
Y™ : R — R are isomorphisms.

Finally, fix an integer N > 1 for the rest of this article, which represents a finite set of prime
numbers that will be discarded in our constructions. Limits of the form lim,,>; will typically be
taken over the set of integers m > 1 that are coprime to N (i.e., (m,N) = 1), partially ordered by
divisibility. The choice of the integer N will be important only in Section 4, where we will need the
fact that the root of unity ¢ € R is of order dividing N; before this point, the reader is welcome to
assume that N = 1.
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2 Norm maps on ¢g-Witt vectors

In this section, we develop the necessary tools on big g-Witt vectors that we will use in the next
sections. More precisely, we construct norm maps on the big g-Witt vectors of a commutative ring
(Section 2.4), following the analogous theory of Angeltveit for classical big Witt vectors [Angl5],
and introduce the notions of cyclotomic rings and of cyclotomic Frobenius (Section 2.5).

2.1 Review of Witt vectors

In this subsection, we review the classical theory of big Witt vectors, and refer to the more
extensive review [Hesl5, Section 1] for more details.

Let R be a commutative ring. Given an integer m > 1, the m-truncated big Witt vectors W, (R)
of R is the commutative ring characterised' by the facts that it is abstractly isomorphic to the set
[1.» R, and that the map

gh: W, (R) — HR, T = (Te)em > (8N (T))ejm = def}/d
dle

elm
elm

where the commutative ring structure on the target is defined componentwise, is a ring homo-
morphism. The map gh, : W,,(R) — R is called the e ghost coordinate® (whereas the map
Wi (R) = R, (%e)em > @ is called the e Witt coordinate).

Big Witt vectors are related to lifts of Frobenius via the following important lemma ([Hes15,
Lemma 1.1]).

Lemma 2.1 (Dwork’s lemma). Let R be a commutative ring, and m > 1 be an integer. Assume
that for every prime number p dividing m, there exists a ring homomorphism ¢, : R — R/p”l’(m)R
such that pp(x) = 2P modulo pR.” Then for every element (xe)ejm € [1.m R, the following are

elm
equivalent:

(1) (ze)ejm € [lepm R is in the image of the ghost map gh;

(2) for every prime number p dividing m and every integer e > 1 satisfying ple|m, we have
Te = ‘Pp(me/p) modulo p*»(©)R.

Definition 2.2 (Big Witt vectors). Let R be a commutative ring. Given integers m,m’ > 1
satisfying m|m/’, there exists a natural restriction map of commutative rings

R'm’/m : W (R) — Wm(R)7 (ze)ehn’ — (xe)ehna
and the big Witt vectors W(R) of R is the commutative ring

W(R) := lim W,,(R)

m>1

where the transition maps are given by these restriction maps. Similarly, if one restricts to integers
m > 1 which are the powers of a given prime number p, then this limit defines the ring of p-typical
Witt vectors of R.

Construction 2.3 (Frobenii and Verschiebungen). Let R be a commutative ring. Given integers
m,m’ > 1 satisfying m|m’, and d := 7, there also exist natural Frobenius and Verschiebung maps

Fu: W, (R) — W,(R)  Vg: W, (R) — W, (R)

of commutative rings and of additive abelian groups, respectively. These maps are given, in ghost
coordinates, by Fa : (Te)efms = (Tde)eim and Va @ (Te)ejm = (drelgie)ems. They satisfy the
relations FyoVy =d, and Fgo Vg = Vg o Fy for every integer d’ > 1 coprime to d.

IThe fact that this indeed characterises W, (R) is a consequence of Lemma 2.1.

2This terminology is justified by the fact that the ghost map gh : Wm(R) — He‘m
Z-algebra R (or, slightly more generally, for every commutative ring R which is p-torsionfree for every prime
number p dividing m).

3The statement [Hes15, Lemma 1.1] is stated with the slightly stronger assumption that there exists a ring ho-
momorphism ¢, : R — R lifting the Frobenius endomorphism of R. However, the proof of [Hesl15, Lemma 1.1]
adapts readily to our context, which has the advantage to include all smooth Z-algebras.

R is injective for every flat



TESS BOUIS AND QUENTIN GAZDA

Remark 2.4. The big Witt vectors W,,,(R) of a commutative ring R corresponds to the zeroth
term of the big de Rham-Witt complex of R ([Hes15]).

Remark 2.5. The limit lim,,>1 W,,(R) along the Frobenius maps of Construction 2.3 does not
usually have a name. However, when R := O, is the ring of integers of the p-adic complex numbers,
and the limit is taken over the powers of the prime number p, this construction corresponds to
Fontaine’s period ring Aj,¢ in p-adic Hodge theory ([BMS18, Lemma 3.2]).

Notation 2.6 (Teichmiiller lift). Let R be a commutative ring, and m > 1 be an integer. The
Teichmdiller lift on R is the natural morphism of multiplicative monoids

I, : R — W,,(R)
given by x +— (xm/ )e|m in ghost coordinates.* In particular, the Teichmiiller lift is a section of
the first ghost coordinate gh, : W,,(R) — R.

2.2 Review of ¢-Witt vectors

In this subsection, we review Wagner’s theory of ¢-Witt vectors, as introduced in [Wag24, Sec-
tion 2].

Definition 2.7 (Big ¢-Witt vectors). Let R be a commutative ring. For every integer m > 1, the
m-truncated big q- Witt vectors ¢-W,,(R) of R is the commutative Z[g]-algebra

¢-Win(R) := Wi (R)[g]/Im
where I,,, € W,,(R)[q] is the ideal generated by
(i) (¢° = 1)im(V,,/.), for every integer e > 1 satisfying e|m, and
(ii) im([e/d]qaVimje = Vimya © Feya), for all integers d, e > 1 satisfying dle|m.

Examples 2.8. Let m > 1 be an integer. The big ¢-Witt vectors of R can be made explicit in the
following cases.

(1) R=2Z) ¢W,,(Z) = Z[q]/(¢™ — 1). More generally, for every perfect A-ring R (e.g., R =17,
for any prime number p, R any commutative Q-algebra, R any perfect prism, or R = Z[T?]),
¢-W..(R) 2 Rlq]/(¢™ — 1) ([Wag24, Corollary 2.37]).

(2) (R = Ox[AL"]) ¢ W, (R) = AR n/(¢™ — 1) for every number field K, where R = Ok [Ag"]
and % is the m-truncated Habiro ring of R ([Wag25, Theorem 2.9]).

(3) (R = Z[T]) ¢Won(Z[T]) = 5, [elgm ZIT™%,0)/ (@™ — 1) € ZIT,q)/(q™ — 1) ([Wag24,
Proposition 2.36]). Equivalently, ¢-W,,(R) is naturally identified with the kernel of the
operator

Z[T,ql/(q™ = 1) — Z[T,q]/(¢™ = 1), [(T,q) = (¢ —1)V4(f(T,q))

where V,(f(T,q)) is the g-derivative of f(T,q) (see [Wag24, Theorem 4.27] for a similar
computation after (¢ — 1)-completion).

Construction 2.9 (Frobenii and Verschiebungen). Let R be a commutative ring. Given integers
m,m’ > 1 satisfying m|m’, and d := %,, the big ¢-Witt vectors of R are equipped with natural
Frobenius and Verschiebung maps

Faq:¢W, (R) — ¢W,,(R) Va:¢W,(R) — ¢W,, (R)

of Z[q]-algebras and of Z[g]-modules, respectively ([Wag24, proof of Lemma 2.9]). These are
characterised by their Z[g]-linearity and compatibility with the Frobenius and Verschiebung maps
on big Witt vectors (Construction 2.3). They satisfy the relations Fgo Vg = d and V4oF4 = [d]m.

4The Teichmiiller lift of x is usually denoted by [z]. We choose the notation I, (z) to avoid a potential confusion
with the notation for g-integers [k]q € Z[q].
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Remark 2.10. The big ¢-Witt vectors ¢-W,,(R) of a commutative ring R, together with their
Frobenius and Verschiebung maps, satisfy a universal property: namely, the system of Z[qg]-algebras
(¢-W 1, (R))m>1 is the initial ¢-FV-system over R ([Wag24, Definition 2.8 and Lemma 2.9]). Also
note that for every integer m > 1, we have ¢™ — 1 € I, (Definition 2.7 (i) for e = m), so that
¢-W,,(R) is a commutative Z[g]/(¢™ — 1)-algebra.

Warning 2.11. Despite the name, big g-Witt vectors are not a g-deformation of big Witt vectors,
i.e., the natural morphism of commutative rings W,,(R) — ¢-W,,(R)/(g¢ — 1) is in general not an
isomorphism ([Wag24, Remark 2.11]).

Remark 2.12. The restriction maps R,/ /m, : Wy (R) — W, (R) of Definition 2.2 do not extend to
morphisms of commutative Z[g]-algebras R,/ /p, : ¢-Wpy/ (R) = ¢-W,,, (R) for general commutative
rings R ([Wag24, 2.14]). In particular, it is not possible to define the ring of big ¢-Witt vectors
¢-W(R) := lim,,>1 ¢-W,, (R) as in Definition 2.2. Instead, in light of Remark 2.5 and of the relation
established in [Wag25, Section 2.2] between g-Witt vectors and Habiro rings, we will rather consider
the limit lim,,>1 ¢-W,,,(R) along the Frobenius maps of Construction 2.9 in this paper, which we
will typically refer to as cyclotomic rings (Section 2.5).

2.3 Alternative approach to ¢-ghost maps

In [Wag24, 2.13|, Wagner constructs g-ghost maps for the big ¢-Witt vectors as some explicit
quotient by the images of some Verschiebung maps. In this subsection, we give an alternative
description of these g-ghost maps (Definition 2.14), using the universal property of big ¢-Witt
vectors (Remark 2.10).

Construction 2.13 (Cyclotomic ¢-FV-system). Let R be a commutative ring. Here we define a
structure of ¢-F'V-system over R on the system of commutative Z[q]-algebras (I, Rla]/®c(q))m>1,
in the sense of [Wag24, Definition 2.8]. To do this, for every integer m > 1, let

W (R)al/(¢™ = 1) — ] Rlal/®e(q)
elm
be the morphism of commutative Z[g]-algebras characterised by the fact that it is given by
T (ghm/e(x))e\m

on the subring W,,(R) € W,,,(R)[q]/(¢"™ — 1).> Given integers m,m’ > 1 satisfying m|m’, and
d:="" let
m

Fa: [[ Rlal/®e(q) — [[RIa)/®e(e)  Va:[[Rlgl/®ele) — [] Rlgl/®elq)

elm’ elm elm elm’

be the morphisms given by Fg : (ce(q))eim: = (€e(q))ejm and Vg : (ce(q))ejm = (dce(q)Lejm)ejm
respectively. These morphisms satisfy the relations Fy 0 Vg = d and Vg o Fy = [d]¢m, and are
compatible with the Frobenius and Verschiebung maps on big Witt vectors, thus endowing the
system ([ [, Rlg]/®e(q))m>1 with the structure of ¢-F'V-system over R.

Definition 2.14 (g-ghost maps). Let R be a commutative ring. For every integer m > 1, the
q-ghost map on big ¢-Witt vectors is the morphism of commutative Z[qg]-algebras

g-gh : ¢Win(R) — [[Rlal/®e(q), ¢ (ce(@))epm = (g-gh.(c))
elm

induced by the universal property of (¢-W,, (R)).,>1 as the initial ¢-FV-system over R (Remark 2.10
and Construction 2.13). The map g-gh, : ¢-W,,,(R) — Rlq]/®.(q) is called the ‘" g-ghost coordi-
nate.’

5Note that the order of the ghost coordinates is reversed compared to the convention used for ghost maps in
Section 2.1. This is related to the fact that there are no restriction maps in the theory of big ¢-Witt vectors
(Remark 2.12).

6This terminology is justified by the result [Wag24, Lemma 2.23|, stating that the g¢-ghost map
g-gh : ¢-W,,(R) — He|m R[g]/®e(q) is injective for every flat Z-algebra R (or, slightly more generally, for every
commutative ring R which is p-torsionfree for every prime number p dividing m).
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Remark 2.15. The g-ghost maps of Definition 2.14 agree with the ¢-ghost maps defined in [Wag24,
2.13]. Indeed, one can prove that the ¢-ghost maps of [Wag24, 2.13] define a map of ¢g-FV-systems
over R from (¢-Wp,(R))m>1 to [, Rla]/®e(q) (equipped with the ¢-FV-system structure from
Construction 2.13), and such a map must be unique by universality (Remark 2.10).

The following result is an analogue of Lemma 2.1 for big ¢-Witt vectors.

Lemma 2.16 (¢-Dwork’s lemma). Let R be a commutative ring, and m > 1 be an integer. Assume
that for every prime number p dividing m, there exists a ring homomorphism ¢, : R — R/p»(™R
such that pp(z) = xP modulo pR. Then for every element (ce(q))eim € [lepm, Rlal/®e(q), the
following are equivalent:

(1) (ce(a))epm € ejm Rlal/®e(q) is in the image of the q-ghost map q-gh;
(2) there exists a lift (Cc(q))ejm € [1ejm Rla] of (ce(@))ejm € Ie)m Rlal/®e(q) such that, for every

prime number p and every integer e > 1 satisfying pelm, we have ¢.(¢) = ¢p(Cpe(q)) in
(R/p»(m/)[q], where ¢, : Rlg] — (R/p"»(™/®)[q] is the unique Z[q|-linear ring homomor-
phism extending ¢, : R — R/p”p(m/e)R‘

Proof. By construction, there is a commutative diagram of Z[q]-algebras

W (R)[g] —2 TLop Rla) — [Lojm Rlal/®e(q)

J |

¢-W,(R) e [T, Rla/®c(9)

where the top horizontal map is induced by the ghost map of Section 2.1 and the right vertical
map is given by (ce(q))ejm = (Cm/e(q))ejm- The desired result is then a consequence of Dwork’s
lemma (Lemma 2.1). O

Remark 2.17. Let R be a flat Z-algebra. Lemma 2.16 suggests that big ¢-Witt vectors ¢-W,, (R)
are a sort of “Frobenius twisted” version of R[g]/(¢™ — 1).” More precisely, one can prove that the
image of the natural projection map R[q]/(¢™ — 1) — [],},, Rlg]/®c(q) is given by the elements
(ce(@))efm € [ejm Rlal/®e(q) for which there exists a lift (¢¢(q))ejm € [1.),, Rlg] such that, for every

prime number p and every integer e > 1 satisfying pe|m, we have é.(q) = é,.(q) in (R/p*»(™/*))[q].

Notation 2.18 (g-Teichmiiller lift). Let R be a commutative ring, and m > 1 be an integer. The
q-Teichmiiller lift on R is the morphism of multiplicative monoids

M, : R — ¢W,,(R)

defined as the composition of the Teichmiiller lift II,,, : R — W,,(R) of Notation 2.6 with the
canonical map W,,(R) — ¢-W,,(R). In particular, the g-Teichmiiller lift is a section of the first
g-ghost coordinate g-gh; : ¢-W,,(R) — Rlg]/®1(¢g) = R, and is in general given by z — (™€),
in g-ghost coordinates.

2.4 Norm maps on ¢-Witt vectors

In [Angl5], Angeltveit constructs multiplicative norm maps on big Witt vectors, as a natural
generalisation of the Teichmiiller lift. In this subsection, we prove that big ¢-Witt vectors similarly
admit multiplicative norm maps 1.,/ /, : ¢-Wp,(R) = ¢-W,,r (R) (Proposition 2.20).

Lemma 2.19. Let R be a commutative ring, and m,m’ > 1 be integers satisfying m|m’. Assume
that for every prime number p dividing m, there exists a ring homomorphism ¢, : R — R/p”P(mI)R
such that ¢, = xP modulo pR. Then for every element ¢ € ¢-Wp,(R) with g-ghost coordinates
(ce(@))ejm, the element

Mo fn (@) etm) 1= (e(emy (=) ¥57) € T Rlal/®e(g)

elm’
is in the image of the q-ghost map q-gh : ¢-W,,,,(R) — He|m’ Rlq]/®.(q).
"This is directly related to the definition of the Habiro rings of a number field in [GSWZ24, Wag25], where the

Habiro ring & m of an étale Z-algebra R is a sort of “Frobenius twisted” version of R[q] (Aqmil).
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Proof. First note that the morphism of multiplicative monoids

mrym | [Rlal/@e(q) = J] Rlal/®e(q

elm elm’

is well-defined, because ®.(q) divides (. (g @m ) in the commutative ring Z[g]. Moreover, for
any integers m, m’,m’” > 1 satisfying m|m’|m”, we have the equality

Hm///m/ o Hm//m = Hm///m.
Indeed, this is a consequence of the series of equalities

(e, m/) m/ ! ’ n'’ e m!!

. _m e m L7
C((esm)ym) (q((e py Yy Bl e ) [(e,m”y,m] Te,m’] — Cle,m) (q (e,m) ) [(e,m”),m] Te,m’] — C(e,m)(q<e’”’) ) le,m]

where the equality T m’ follows from the fact that for any integers a,b,c¢ > 0

1
satisfying ¢ < b, we have ghe}e[dua}lity b[—7 Ir]lax(min(a, b),c) —max(a,b) = —max(a,c). In particular,
it suffices to prove the desired claim when m’/m is a prime number, which we assume from now
on.

Let (ce(q))em € Ilejm Rlal/®e(q) be an element in the image of the g-ghost map. We use the
g-Dwork lemma (Lemma 2.16) to prove that L, /. ((ce(q))ejm) € [1e)p Rlal/®@e(q) is in the image
of the g-ghost map. Let (¢¢(q))em € L., Rlg] be alift of (cc(q))ejm € 1., Rla]/®Pe(q) such that,
for every prime number p and every integer e > 1 satisfying pe|m, we have é.(q) = ¢p(Epe(q)) in
(R/p¥»(m/€))[q]. Tt then suffices to prove that, for every prime number p and every integer e > 1

satisfying pe|m’, we have ¢y (C(pe, m)(q<P€ ) e, 1) = Clem)(q [ 7 in (R/p*»(™'/9)[q]. We
distinguish several cases.

Assume first that v,(e) > v,(m). Because m’/m is a prime number, this implies that m’/m = p,
so the condition pelm’ can not be satisfied in this case, and the desired statement is vacuously
true.

Assume now that v,(e) = v,(m). Ifv,(e) = vy(m/
is again vacuously true, so we assume that vp( )
number, this implies that m’ = pm and that v,(m
from the series of equalities

), then v,(m'/e) = 0 and the desired statement
= vp(m) < vp(m'). Because m’/m is a prime
'/ e) = 1. The desired statement then follows

’
m m’ m’

©p (é(p&m) (q (pe,m) ) Toe,m] ) ©p (C(e m) (q(c m) )) plem] = C(e m) (q(c ) ) e — C(e m) (q oy ) Te,m]

where the congruence holds modulo p, using that ¢, : R — R/p”f’(m/)R is a lift of Frobenius.
Assume finally that v,(e) < vp(m). In this case, the desired statement follows similarly from
the series of equalities

7n/ 771/

- _m! - __pe _ n’
('Dp (C(pe,m) (q (Pe wL) ) [pe,m] ) — @p (cp(e,m) (qp»(e,m) )) [E m] — c(e m) (q(e m) ) [e,m] — c(e m) (q(e m) ) Te,m]

where the congruence holds modulo p?»(™'/€) as a consequence of the assumption on (€e(q))em-
More precisely, either m’/m is different from p, in which case v,(m’/e) = v,(m/(e,m)) and this is
indeed a consequence of the assumption, or m’/m = p, in which case we use the fact that a = b
modulo p?»("/¢) implies a? = b” modulo p”P(m//e). O]

Proposition 2.20 (Cyclotomic norms). Let R be a commutative ring. Then for any integers
m,m’ > 1 satisfying m|m’, there exists a natural morphism of multiplicative monoids

1_[m’/m : Q'Wm(R) — ¢-Wpy (R)

given by (ce(q))ejm + (€o(q))ejms = (c(e,m)(q(evem )ﬁ)elm, in q-ghost coordinates. This morphism
1s uniquely determined by the fact that it is functorial in R and given by the previous formula on
q-ghost coordinates.

Proof. First assume that R = Z[T;,4 € 1] is a polynomial Z-algebra (potentially in infinitely many
variables). For every prime number p, let ¢, : R — R be the lift of Frobenius given by T; — T%.
The Z-algebra R is flat, so the g-ghost maps of Definition 2.14 are injective ([Wag24, Lemma 2.23)).
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The formula in g-ghost coordinates is moreover multiplicative by construction, so it suffices to prove
that an element (cc(q))ejm in the image of the g-ghost map is sent to an element (c{,(¢))e|r in the
image of the ¢g-ghost map. Using the lifts of Frobenius ¢, this is a consequence of Lemma 2.19.

Assume now that R is a general commutative ring. Let P — R be a surjective morphism of
commutative rings, where P is a polynomial Z-algebra. There is a natural diagram of commutative
Z|ql-algebras

H ’
W, (P) — ¢-W, (P)

| |

Dot
Q'Wm (R) 4 Q'Wm’ (R)

where the vertical maps are surjective ([Wag24, Corollary 2.29]). In particular, given an element
c € ¢-W,,(R), any lift ¢ € ¢-W,, (P) induces an element I1,,,/ /. (c) € ¢-W,,/(R), which is compatible
with the desired formula on g-ghost coordinates by the previous paragraph and the functoriality
of g-ghost maps. Note that this construction a priori depends on the surjection P — R and on the
lift ¢ € ¢-W,,,(R). To prove that it is independent of these choices, let Py — R, ¢ € ¢-W,,,(P1) and
Py — R, é& € ¢-W,,,(P2) be two such choices. Let P := Py x Py. By [Wag24, Corollary 2.29], there
is a natural isomorphism of commutative Z[g]-algebras ¢-W,,(P) = ¢-W,,(P1) x ¢-W,,,(P2). In
particular, there exists an element ¢ € ¢-W,,(R) mapping to ¢; € ¢-W,,(P1) and é; € ¢-W,,,(P2)
via the natural projection maps, and the element IL,, /n, (c) € ¢-W,,/(R) is well-defined. O

Remark 2.21. Let R be a commutative ring. For any integers m, m’,m’” > 1 satisfying m|m/|m”,
the cyclotomic norms of Proposition 2.20 satisfy the identity I/, © Il /1, © Wyprr . This s
indeed a consequence of the first paragraph of the proof of Lemma 2.19. In particular, for any
integers m,m’ > 1 satisfying m|m’, we have the equality Il /, o I1,;, = Il,,s, where the notation
here is compatible with that of the Teichmiiller lift (Notation 2.18).

2.5 Cyclotomic rings

In this subsection, we introduce the notion of cyclotomic ring ¥R of a commutative ring R
(Definition 2.22).

Definition 2.22 (Cyclotomic ring). Let R be a commutative ring. The cyclotomic ring of R is
the commutative Z[g]-algebra

¢r = lim ¢-W,,(R)
m>1
where the limit is taken along the Frobenius maps of Construction 2.9.

Examples 2.23. Following Examples 2.8, the cyclotomic ring of R can be made explicit in the
following cases.

(1) (R = Z) 6z = limy>1 Zlg]/(¢™ — 1) where the limit is taken along the natural projection
maps, and similarly for any perfect A-ring R.

(2) (R = Ok[AgY) Gr = limgy,s1 HRm/ (g™ — 1) for every number field K, where R = Ok [Ag!]
and the limit is taken along the natural projection maps ([Wag25, Remark 2.9]).

(3) (R = Z[T]) CKZ[T] = CKZ (Examples 2.8 (3))

Remark 2.24. For general commutative rings R, it may happen that the derived inverse limit
Rlim,,>1 ¢-W,, (R), where the limit is taken along the Frobenius maps of Construction 2.9, is not
concentrated in degree zero. However, if R is étale over Z, or over a perfect A-ring, then one can
use the ¢-Dwork lemma (Lemma 2.16) to prove that the Frobenius maps of Construction 2.9 are
surjective, hence the derived and classical limits coincide.

Lemma 2.25. For every prime number p and every integer v > 0, the element ¢* — 1 of A
belongs to the ideal (p,q—1)" C Zlg]. In particular, for every p-torsionfree commutative ring R, the
(p, g — 1)-completion of the commutative Z[q-algebra lim, > Rlq)/(¢"" — 1) is naturally identified
with R [q —1].

10
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Proof. The second claim is a direct consequence of the first claim. To prove the first claim, it
suffices to prove that [p"], € (p,q —1)", because ¢ — 1 = (¢ — 1) - [p"],. This statement for [p"], is
a consequence of the formula [p"], = H::_Ol [p]»+ and of the congruence [p] ,; =p modulo (¢ —1)

for every integer i > 0. O

Remark 2.26 (p-adic realisation). Let R be a flat Z-algebra, and p be a prime number. If
R;\ admits a lift of Frobenius ¢, (i.e., a ring homomorphism ¢, : Rl’j\ — RI/]\ whose reduction
modulo p is the Frobenius endomorphism of R/p), then there is a natural morphism of commutative
Z[q]-algebras

r — R;\ [[q — 1]].

Using Lemma 2.16 and Remark 2.17, this morphism is induced by the composite morphism of
commutative Z[q]-algebras

[T Rlal/®c(a) — ] Rlal/®pr(a) — T] Rlal/®pr (@)

el r>=0 r=0

where the first map is the natural projection (ce(q))e>1 — (¢pr(¢))r>0 and the second map is
given by (¢pr(q))rz0 = (¢ (cpr(q)))." More precisely, the image of the cyclotomic ring ¢ via this
composite morphism is given by lim,>¢ Rlg]/ (¢*" — 1), and the desired morphism is obtained by
post-composing with the (p,q — 1)-completion lim,>o R[g]/(¢”" — 1) — Rp[g — 1] (Lemma 2.25).
Note that this map ¢r — R? lg — 1] depends on the choice of Frobenius lift ¢, (e.g., if R is smooth
over Z). Also note that if R is étale over Z, then such a Frobenius lift ¢, on R]/D\ is unique.

We now introduce the notion of cyclotomic Frobenius on these cyclotomic rings. To do so, we
will use the following variant of Definition 2.7.

Definition 2.27 (Big ¢-Witt vectors at d). Let R be a commutative ring, and d > 1 be an
integer. For every integer m > 1, the m-truncated big q- Witt vectors at d of R is the commutative
Z[q]-algebra

WD (R) == W, (R)[q] /17

where I\ C W, (R)[g] is the ideal generated by
i . ®er(@))im(V,, /e ), for every integer e > 1 satisfying e|m,” and
dle’le /
(i) im([f/elgeVim/f = Vimse © Fy/e), for all integers e, f > 1 satisfying dle| f|m.

Remark 2.28. For every commutative ring R and integer m > 1, we have q—WSL) (R) = ¢-W,,,(R).
Moreover, for every integer d > 1, one can check that I,,, C ]Igff).

Remark 2.29. Let R be a commutative ring, and d > 1 be an integer. Arguing as in [Wag24,
Lemma 2.9], the system (q—W%)(R))m% is the initial ¢-FV-system at d over R, i.e., the initial
system of commutative Z[g]-algebras (W,(ff))m% indexed by integers m > 1, together with the
following structure:

(i) for every integer m > 1, a morphism of Z[g]-algebras Wy,(R)[a]/ [Lyj¢}m Pe(q) — wid (in

particular W = 0 unless dlm);

(ii) for any integers m, m’ > 1 satisfying d|m|m’, morphisms F,,/ ,,, : ij,) — W& of Z[q]-algebras
and Vs /p, WSS) — Wfs,) of Z[g]-modules, compatible with the Frobenius and Verschiebung

maps on big ¢-Witt vectors (Construction 2.9), and such that ¥/, 0 Vi, = m'/m and
Vm’/m o Fm//m = [m’/m]qm.
Definition 2.30 (Canonical maps). Let R be a commutative ring, and d > 1 be an integer. For
every integer m > 1, the canonical map
can : ¢-W,,(R) — ¢WD(R)
is the morphism of commutative Z[q]-algebras induced by the inclusion of ideals I,, C ]Isff) of
W, (R)[g] (Definitions 2.7 and 2.27).
8Tollowing Lemma 2.16, we denote by ¢, : R[q]/®pr (¢) — Rlg]/®pr(q) the unique Z[g]-linear ring homomorphism

extending ¢p : Rj) = Rj.
9Note here that [Tagjerje @er(@) =1if dfe.

11
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Remark 2.31. Let R be a commutative ring, and d > 1 be an integer. Any ¢-FV-system at d
over R is in particular a ¢-FV-system over R, and the canonical maps of Definition 2.30 are induced
by the universal property of (¢-W,,(R))m>1 (Remarks 2.10).

Remark 2.32 (¢g-ghost maps at d). Let R be a commutative ring, and d > 1 be an integer.
Following Construction 2.13 and Definition 2.14, there is a natural g-ghost map

g-gh: ¢WHR) — [] Rlal/®ela), ¢ (ce(@))gjefm

dlelm

on big ¢-Witt vectors at d for every integer m > 1, which is compatible with the canonical map of
Definition 2.30.

Proposition 2.33 (Cyclotomic Frobenii). Let R be a commutative ring, and d > 1 be an integer.
Then for every integer m > 1, there exists a natural morphism of commutative rings

Frob® : ¢-W,,,(R) — ¢-W'¥) (R)
given by (ce(q))ejm = (co(@))ajelam = (cesa(q?))aje|am in q-ghost coordinates. This morphism is
uniquely determined by the fact that it is functorial in R and by the previous formula on q-ghost
coordinates.

Proof. First note that the morphism of commutative rings [, Rla]/®@e(q) = [14j¢jam Rlal/Pe(q)
given by (ce(q))ejm = (ce/a(q?))ajejam is well-defined, because ®.(¢) divides ®./4(¢%) in Zlqg].

If R is a polynomial Z-algebra, then R admits lifts of Frobenius ¢, : R — R for all prime
numbers p. In this case, we use the g-Dwork lemma (Lemma 2.16)'" to prove the desired result.
To do so, let (ce(q))ejm € He‘m R[g]/®.(q) be an element in the image of the ¢g-ghost map, and
(€e(q))eim € He‘m Rlg| be a lift of this element such that, for every prime number p and every
integer e > 1 satisfying pe|m, we have é.(q) = ¢, (Gpe(q)) in (R/pU»(™/9)[q].

It suffices to prove that, for every prime number p and every integer e > 1 satisfying d|e and
peldm, we have ¢./q(q*) = ¢p(Cpesa(q?)) in (R/pvr(@m/€))[q]. This congruence holds as a conse-
quence of the assumption on (¢c(q))ejm, where we use that pvr(m/(e/d) — pyop(dm/e),

If R is a general commutative ring, then arguing as in the second part of the proof of Proposi-
tion 2.20 implies the desired result. O

The following variant of Definition 2.27 will be used in Section 4.

Variant 2.34 (Cyclotomic ring at d). Let R be a commutative ring, and d > 1 be an integer. For
every integer m > 1, the m-truncated cyclotomic ring of R at d is the commutative Z[g]-algebra

G, = WD R)[De(g) ™! | dfe>1]

where the localisation is indexed by integers e > 1 satisfying d 1 e and elm. In particular, the
morphisms of Definition 2.30 and Proposition 2.33 on big g-Witt vectors induce natural morphisms

can : Grm — ‘5}(5)11 Frob” : €rm — Cflgi)im

of commutative rings, which we call the canonical map and the d** cyclotomic Frobenius. Similarly,
the cyclotomic ring of R at d is the commutative Z[q]-algebra ‘Klgd) defined as the limit of the
truncated cyclotomic rings %gl)n over integers m > 1 satisfying (m,N) = 1, along the Frobenius

maps F,,//,, of Remark 2.29. Note in particular that Cgl:({d) =0if (d,N) > 1.

The map Frob’® in Variant 2.34 is called cyclotomic Frobenius (despite the map Fq in Construc-
tions 2.3 and 2.9 already being called Frobenius) because of the following remarks, which states
that Frob;” behaves as a “universal ¢-lift of Frobenius”, at least when R can be equipped with a
A-ring structure.

10Note that the statement and the proof of the g-Dwork lemma also hold for big g-Witt vectors at d.

12
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Remark 2.35. Let R be a A-ring with Adams operations (¢™),>1, and d > 1 be an integer. For
every integer m > 1, there are natural commutative diagrams of commutative rings

W (R) —— R[q]/(q™ — 1) W (R) —— R[q]/(q™ — 1)
canl lcan Frob;ycl w lwd(@(lp—)qd)
o(d) ot
W (R) = Rlgl/ TTyjepm ®e (@) W) (R) —“5 RIq)/ TLaje(dm Pe(a)

where the top horizontal maps are defined in [Wag24, Lemma 2.34], the bottom horizontal maps
are defined as in [Wag24, Lemma 2.34|, and the left vertical maps are defined in Definition 2.30
and Proposition 2.33. In particular, there are similar commutative diagrams for the cyclotomic
rings of Definition 2.22 and Variant 2.34, and these commutative diagrams are compatible with
the isomorphism of Examples 2.8 (1) when the A-ring R is perfect.

3 The cyclotomic logarithm

Let K be a number field, with ring of integers Ok and discriminant Ak. In this section, we
define the (derived) cyclotomic logarithm

dlogcyc : Gm(R)[il] - JV}l%R{l}

of R := Ok [Ag'] (Definition 3.21). Our construction is a global analogue of Bhatt-Lurie’s prismatic
logarithm [BL22, Section 2]. To bypass the use of quasisyntomic descent used in their construction,
we follow Mao’s alternative approach to the prismatic logarithm [Mao24, Section 2].

3.1 Frobenius maps on the Habiro ring of a number field

In this subsection, we recall the definition of the Habiro rings from the recent work of Garoufalidis—
Scholze-Wheeler—Zagier [GSWZ24|, and construct an analogue of the cyclotomic Frobenius maps
of the previous section in this context (Construction 3.7).

Definition 3.1 (Habiro ring, [GSWZ24, Wag25]). Let R be an étale Z-algebra and, for every
prime number p, let prs be the unique lift of Frobenius of the formally étale Z,-algebra Rz/z\' The
Habiro ring of R is the commutative ring

S = (fe(@))ex1 € [[Rldlb, g | Fe(@) = @p(fre(q)) in Rld](s. (4),8,.(a))

ex1

where the condition is taken over all prime numbers p and integers e > 1, and where the endo-
morphism ¢, © R[a](y,_ (o o) Rla](e, (o) ®,.(q)) 18 defined as the (p, ®.(q))-completion'' of
PR ®id : R;\ X7z Z[q] — RI/; (374 Z[q]

We will mostly use the following truncated variant of Definition 3.1, which already appears in
[Wag25, 2.7].

Variant 3.2 (Truncated Habiro ring). Let R be an étale Z-algebra, and m > 1 be an integer. The
m-truncated Habiro ring of R is the commutative Z[q]-algebra

A = (fe(@))ejm € HR[qL/I;e(q) ‘ fe(@) = p(fpe(q)) in R[Q](A@(q),@pe(q))

elm
where the condition is taken over all prime numbers p and integers e > 1 such that pe|m.

Remark 3.3. For every étale Z-algebra R, we have S = lim,>1 SR m.

1 Here we use the equality of ideals (®c(q), Ppe(q)) = (p, Pe(g)) in the commutative ring Z[q] ([Wag24, Lemma 2.1]).

13
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Variant 3.4 (Truncated Habiro ring at d). Let R be an étale Z-algebra, and d > 1 be an integer.
For every integer m > 1, the m-truncated Habiro ring of R at d is the commutative Z[g]-algebra

d
ffé,% = (ce)d\e|m € H R[Q]ge(q)

dle|m

ce = ¢p(cpe) in Rld](s, (g).3,.(a)) [@c(g)™" | dte>1]

where the condition is taken over all prime numbers p and integers e > 1 such that dle, and the
localisation is indexed by integers e > 1 satisfying d { e and e|m.

Remark 3.5. Inverting the cyclotomic polynomials ®.(¢) for d t e > 1 in Variant 3.4 seems to be
necessary to define the cyclosyntomic first Chern class in Section 4.2.

Remark 3.6. Let R be an étale Z-algebra. For every integer m > 1, it was proved by Wagner that
there is a natural isomorphism of commutative Z[g]-algebras % , / (g™ —1) 2 ¢W,,(R) ([Wag25,
Theorem 2.9]). Moreover, for every integer m’ > 1 satisfying m|m/, this identification induces a
natural commutative diagram of Z[g]-algebras

%R,m’ — q'Wm’(R)

lcan lF m!/m

f%ﬁR,m I Q'Wm (R)

where the left vertical map is the natural projection map and the right vertical map is the Frobenius
map on big ¢-Witt vectors ([Wag25, Remark 2.10]).

Construction 3.7 (Habiro Frobenii). Let R be an étale Z-algebra, and d > 1 be an integer. The
d™ Frobenius on the Habiro ring R, m is the ring homomorphism

Frob™ : M m — ',
given by (fo(6))eim = (£(@))alelam = (Fo/a(a™))ajelam. More precisely, this map is induced by the
composite map
[IRds.p — I Rlds. . — I Rldls.
elm d|e|dm dle|dm

where the first map is given by (fe(q))em (fe/d(qd))d|e|dm and the second map is the ®.(g)-completion
on each factor.'” As a consequence of the series of equalities

FU@) = feyala®) = op(fresala®) = ep(f)e(2))

in R[Q]E\ée(q) ®,.(q))’ the image of J% ,,, by this composite map is indeed contained in e%”éogm.

Remark 3.8. Let R be an étale Z-algebra, m > 1 and r > 0 be integers, and p be a prime number.
Following Lemma 2.25 (and its proof) and Remark 2.26, there is a natural morphism of commu-
tative Z[q]-algebras %,551) — Rlg]/(p,q — 1)". This morphism fits naturally in the commutative
diagram of commutative rings

%R,m — %R,m I R[q]/(p,q - 1)T

lFrobH“b lFrob;yc JFF ob,,

A —— C —— Rl (0.q — 1)
where the right vertical map is defined as the unique morphism of commutative rings induced
by ¢, on R/p” and sending g to ¢”. Here we use that ®.(¢) is invertible in R[q]/(p,q — 1)" for
every integer e > 1 satisfying p 1 e.

12Note that this second map is well-defined as a consequence of the fact that ®.(q) divides @e/d(qd) in Z[q|.

14
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Lemma 3.9. Let R be an étale Z-algebra, and m > 1 be an integer. Then for any sequence of
nonnegative integers (Ne)ejm, the morphism of commutative Z[q]-algebras

g-gh: A/ [[ @e(@)™ — [ Rlal/ (@)™, [ — (fe(@))em

elm elm
18 1njective.

Proof. Because the cyclotomic polynomials ®.(q) are irreducible in the unique factorisation domain
Zlq], the natural morphism of commutative rings

zlg)/ [] @e(@)™ — [ Zlal/®e(a)

elm elm

is injective. Moreover, the quotient of the Habiro ring & ,,/(¢™ — 1) is étale over the com-
mutative ring Z[g]/(¢™ — 1)" for every integer n > 0 ([Wag25, Theorem 2.9]). In particular, the
commutative ring A /[, Pe(q)™ is flat over Z[q]/[],,, Pec(q)™ . Tensoring the previous
injective morphism with the flat Z[g]/ [, ,,, ®c(q)"<-module Hg 5,/ [}, Pe(q)™ then induces the

desired injective morphism of commutative Z[g|-algebras

elm

Hin [ [ Pe(@)" — [ Rlal/Pe(q)

elm elm
where we use the canonical identification (J&,m)g, o= R[q]ge(q) ([Wag25, 2.7]). O

Corollary 3.10. Let R be an étale Z-algebra. Then for any integers m,m’ > 1 satisfying m|m/,
the natural morphism of commutative Z[q|-algebras

A /(@™ = 1)(@™ = 1) — A /(@™ = 1)? x [] Rlal/®e(q (3.10.1)

e|m’
etm

18 1njective.
Proof. The post-composition of the morphism (3.10.1) with the morphism of Z[q]-algebras
S /(4" = 1)% x [ Rlal/®e(q) — []Rlal/®e(a)* x [] Rlal/®e(q
e|lm’ elm e|m’

etm etm

is injective by Lemma 3.9, so the morphism (3.10.1) is also injective. O

3.2 The cyclotomic logarithm

In this subsection, we use the Habiro ring of Section 3.1 and (a refinement of) the norms on
big ¢-Witt vectors of Section 2.4 to construct the cyclotomic logarithm of an étale Z-algebra
(Construction 3.15 and Definition 3.21).

Lemma 3.11. Let m,m’ > 1 be integers satisfying m|m’.
(1) The canonical map of Z[q)-modules (¢™ —1)/(¢™ — 1)2 = (¢"™ — 1)/(¢"™ — 1)? is divisible
by %

(2) The induced map (%)_1 (@™ = 1)/ (g™ —1)2 = (¢™ —1)/(¢™ — 1)? is surjective.

(3) In particular, the previous map induces an isomorphism

’ ’ ’

()~ (@™ = 1)/(@™ = 1)(¢™ —1)

of Z[q]/(¢™ — 1)-modules.

(" —1)/(¢™ —1)*

1

15
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Proof. This is a consequence of the congruence

!/ !
= {m] = (mod ¢™ — 1)
m|gm M

in the commutative ring Z[qg], and of the fact that the module (¢™ —1)/(¢™ —1)? is flat over Z. [

Definition 3.12 (Nygaard twist). Let R be a commutative ring. For every integer m > 1, the
m-truncated Nygaard twist of R is the invertible ¢-W,,, (R)-module

AP Crm {1} = ¢ Win(R) @z (@™ = 1)/(¢™ — 1)

If K is a number field and R is the étale Z-algebra ﬁK[Af{l], the Nygaard twist of R is the
Z[g]-module
N2 ER{1} = lim N2 R {1}
(mR)=1
where the limit is taken over integers m > 1 satisfying (m,N) = 1,'® and along the maps induced
by the Frobenius maps F,,/,,, on ¢-Witt vectors (Construction 2.9) and the maps (%)_1 on the
second factor (Lemma 3.11 (2)).

Remark 3.13. Let R be an étale Z-algebra. For every integer m > 1, there is a natural isomor-
phism of Z[g]-modules

NP Crm {1} =2 (¢ = 1) /(™ — 1)* A

where the Frobenius maps big on ¢-Witt vectors correspond to the canonical restriction maps on
Habiro rings (Remark 3.6).

Construction 3.14 (Derived logarithm). Given a commutative ring A and an ideal I C A, there
is a natural short exact sequence of abelian groups

exp

0— I/I? =5 G (A/T) — G, (A/T) — 0

where exp is given by z — 1 4+ x. This induces a boundary map

dlog(a 1y : Gm (A/T) — 1/T[1]
in the derived category Z(Z) (see also [Mao24, Construction 2.7] for a generalisation to animated
rings).

Construction 3.15 (Truncated cyclotomic logarithm). Let R be an étale Z-algebra, and m > 1
be an integer. The m-truncated cyclotomic logarithm of R is the map

dlog{7) : Gy (R)[~1] — A Z Gr m {1}
in the derived category 2(Z) defined as the composite

G (R)[~1] 22 G (¢- Wi (R))[—1] 2% 42165, {1}

where the first map is the cyclotomic norm of Proposition 2.20 and the second map is the de-
rived logarithm of Construction 3.14 for the pair (A,I) := (% m,(¢™ — 1)), where J2& », and
N 216 m{1} are respectively defined in Variant 3.2 and in Definition 3.12. Here we use the
identification S /(¢ — 1) = ¢-W,,,(R) (Remark 3.6).

In the rest of this subsection, we construct the cyclotomic logarithm
dlog.y. : Gm (R)[-1] — A2 4R {1}

by proving that the truncated cyclotomic logarithms of Construction 3.15 are compatible, in the
derived category Z(Z), between different integers m > 1. To do so, we construct compatible
homotopies Ay, s making the suitable transition diagrams commute (Proposition 3.20). The
homotopies hy, s are in turn constructed out of a partial Habiro lift f[m/ /m of the cyclotomic

norms IL,,//, of Section 2.4, which we call the lifted cyclotomic norms (Proposition 3.17 and
Remark 3.19).

13The restriction (m, N) = 1 is not necessary in this section to define the cyclotomic logarithm. We use this conven-
tion because it will be necessary to restrict to these integers m > 1 in order to define the first g-polylogarithm
class of a cyclotomic unit in the next section (Definition 4.21).

16
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Lemma 3.16. Let

BLC

o ox
Ay <5 B 0 ke
gAT gBT QCT
Ay =5 By —2 Cy
be a commutative diagram of abelian groups whose middle and bottom lines are short exact se-
quences. If the morphism ga is surjective, then the image of fg is contained in the image of gg. In

particular, if the morphism gg is injective, then there exists a unique morphism of abelian groups
hg : Bo — By satisfying fs = g o hp.

Proof. Tt suffices to prove the inclusion fg(Bg) C gp(B2) as subsets of B;. We prove first that
fe(Bo) € B (9c(Cy)) and then that 87 *(9c(Cz)) € ga(Ba). The first inclusion follows from the
existence of the morphism hg: given an element by € By, we have

Bi(fe(bo)) = fc(Bo(bo)) = gc(hc(Bo(bo))) € go(Ca).

The second inclusion follows the snake lemma and the surjectivity of the morphism ga. O

Proposition 3.17 (Lifted cyclotomic norms). Let R be an étale Z-algebra. Then for any integers
m,m’ > 1 satisfying m|m’, the morphism of multiplicative monoids

My | [ Rla)/®e(@)® — J[Rlal/@e(@)® x J] Rlgl/®e(q (3.17.1)
elm elm e|lm’

etm

’

[;ﬂm]) , 1s well-defined, and restricts to a
elm

given by (fe(@))efm = (F2(@)etmr = (Fem)(@@™)

morphism of multiplicative monoids

’

ﬁm//m s Mm@ — 1)2 — /(@ — 1) (g™ —1).

Proof. The fact that the morphism (3.17.1) is well-defined is a consequence of the fact that, for
every integer e > 1 satisfying e|m/, we have ®.(q)*|®c m)(¢™ @m )2 in Zlgl. It is in addition
multiplicative by construction.

In the rest of the proof, we use the injectivity of Lemma 3.9 to interpret the commutative
Z[ql-algebras # /(" — 1)? and & /(@™ — 1)(¢™ — 1) as subrings of the source and target
of the morphism (3.17.1). To prove that the image of % ,,/(¢™ —1)? by the morphism (3.17.1) is
contained in R /(g™ —1)(¢"™ —1), first note that if e|m, then f/(q) = fe(q)%, so that (f(q))ejm
defines an element of 7 ,,, /(g™ —1)%. Moreover, we have that /&, /(¢™ —1)? & AR /(™ —1)?
by [Wag25, 2.7], hence the isomorphism of commutative Z[g|-algebras

’

/(@™ — 1), (¢™ —1)) 2 ¢Wu(R)/(¢" — 1)

by [Wag25, Theorem 2.9]. In particular, there is a commutative diagram of abelian groups

IR, m
(gm—1)2,m q_Wm(R)
ﬁm//mj/ l_[m,'/m,
m!_ SR .m R/q] q-W,,/(R) R[q]
(q 1) AR m LR % H , m X H ,
s — m—1)2 AR, m elm’ @, — m_1)2 elm’ &, | S
(qm=1)(q™ —=1) AR (e ) e, etm @ (@ ) etm @ g
‘ Ca“)[ can
(@™ —1)H s it
(g™ =) (g™ =1) A s (g™ =1) (g™ —1) 3 W (R)

17
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whose middle and bottom lines are short exact sequences, and where the commutativity of the
right part of the diagram is a consequence of Proposition 2.20. The natural morphism of abelian
groups
A (@™ = 1) (@™ = 1) — A /(@™ = 1)* x [] Rlal/®e(q

e|lm’

etm
is moreover injective by Corollary 3.10. So the desired result is a consequence of Lemma 3.16
applied to the previous diagram. [

Corollary 3.18. Let R be an étale Z-algebra. Then for any integers m,m’ > 1 satisfying m|m’,
the natural diagram of abelian groups

>1 exp SR, m
= % RSk
N %R,m{l} Gm ((q’”—l)ZWR,m)
:J/? J/sz’hn
(qml —l)ﬁfR’m/ exp G ( MR m! )
@ =D (™ =)Aoy m D =D

is commutative, where N 2 6r {1} is identified with (¢™—1) AR m /(@™ —1)2 H.m (Remark 5.153).

Proof. By Lemma 3.9, it suffices to prove that f[m/ /m © exp and exp O% agree as maps from
[Lejm (2e(2))/(@e())? t0 TLejy RIgl/®e(9)* X TLepns epm Rlal/Pe(q)- Let (@e(@)ce())efm be an
element of [] (0))/(®c(9)?), and (¢.(q))em be its image under the function IL;, ;s 0 exp. If
e|m, then

elm (
c(@) = (1+ @e(q)ee(q)) ™ =1+ 20e(q)ee(q) = exp( Pe(q)ce(q))

in R[ 1/®c(q)?. And if e { m, then the e'® g-ghost component of the commutative Z[q]-module

(g™ —1)/(¢™ —1)(¢™ —1) is zero by Z|q]/(¢™ — 1)-linearity, and

m’

C/e(Q) = (1 + (P(e,m) (qﬁ)c(e,m) (qﬁ)) eml =1

in R[q]/®c(q), because De(q)|P(e,m) (g ). O

33

Remark 3.19. Contrary to what Proposition 3.17 may suggest, the lifted cyclotomic norm II,,,/ /m
cannot be naturally lifted to a morphism of abelian groups

M jon G (A /(@™ = 1)2) — G (A /(@™ = 1)2).

Indeed, in the case where (m, m’) := (1, m), such a lift would induce a splitting of the extension
[dlogg,’?] € Exty (A "Crm{1}, G (g-W,,(R))) of Construction 3.15, and in particular that the
corresponding truncated cyclotomic logarithms are identically zero. However, we will prove that

these cyclotomic logarithms are not identically zero in Section 4.

Proposition 3.20. Let R be an étale Z-algebra. Then for every pair of positive integers (m,m’)
satisfying m|m/’, there exists an homotopy hy, ., making the diagram

dlog(™"

Gm(R)[—l} — = JV}I%R,m’{l}
J{id J{Fm’/m{l}
dlog(™)

Gm(R)[-1] i N N ZLER m{1}
commute in the derived category P(Z), and such that s m» © R ms = B my for all integers
m,m',m"” > 1 satisfying m|m'|m”.

Proof. Let m and m' be positive integers satisfying m|m’. We want to find an homotopy making
the diagram
Gn(R) =% G (q-Wo (R)) ~5> 16 e {1}1]

lid lFm//m{l}

Gm(R) —2 Gr(q-Won(R)) —25 421G, {1}[1]

18
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commute in the derived category Z(Z). By Remark 2.21, the diagram of abelian groups

Gm(R) =5 Gy (¢-W,r (R))

lid Hm//mT

Gm(R) — G (g-W,n (R))

is commutative, so it suffices to find an homotopy making the diagram

Gon(@-Wo (R)) ~225 421G, {1}(1]

m,, /mT JFM//M{l}

G (g-Won(R)) —2255 421G, {1}[1]

commute in the derived category 2(Z). By Definition 3.12 and Remark 3.13, the right vertical
map of this diagram is naturally identified with (the shift of) the composite

m' _ 1)%;{ ’ =~
Tty p— m NP G {1
R, { } (qm — 1)(qm/ — 1)%R7m/ — R, { }

where the first map is induced by the canonical map

of Z[g]-modules, and the second map is induced by the isomorphism of Lemma 3.11 (3). Moreover,

the natural diagram

G (- Wor (R) —=5 1G5 {1}]1]

: |

dlog (qml*l)‘%o ,m/
G (g-Wo (R)) (gm—1)(a™ —B%R,m/ 1

in the derived category Z(Z), where the bottom horizontal map is the derived logarithm of Con-
struction 3.14 for the pair (A,I) := (& m/ /(¢™ — 1)(¢™ —1),(¢"™ — 1)), is commutative.
It then suffices to produce an homotopy making the diagram

dlog (¢" —1) Aot
G (g-Won (R) (qm—l)(qm'—gﬁfn,,m/

Hm//mT %/Tf:v

G (¢- Wi (R)) —228 s 4 >1530 0 {1}[1]

1]

commute in the derived category #(Z). Unwinding the definition of the derived logarithm (Con-
struction 3.14), this amounts to finding a morphism of abelian groups II,,/ /,, making the diagram
of abelian groups

(qml 71)<7“'meL/ exp ‘%R,m,’
0 @ 1)@ 1) o G (D Do) G (¢-Win (R)) —— 0

%T ﬁm//,mT Hm//ml\

X TR !
0 ——— NP G {1} —2 s G (i —) Gm(¢-Wn(R)) —— 0

commute. Such morphisms I,/ /m are constructed in Proposition 3.17. More precisely, these
morphisms are well-defined by Proposition 3.17, the right square is commutative by construction,
and the left square is commutative by Corollary 3.18. Finally, the fact that the induced homotopies
hnme satisty Rpns m © By ! = R me is & consequence of the formula l:[mu/m/ ) ﬁm//m = ﬁmu/m,
which can be checked as in the proof of Lemma 2.19.
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Definition 3.21 (Cyclotomic logarithm). Let K be a number field, and R be the étale Z-algebra
Ox[Ag']. The cyclotomic logarithm of R is the map

dlog.y. : G (R)[-1] — A2 4R {1}

defined as the inverse limit over integers m > 1 satisfying (m, N) = 1, in the derived category 2(Z),
of the m-truncated cyclotomic logarithms of Construction 3.15. Note here that we use the com-
patible homotopies of Proposition 3.20 to make sense of this inverse limit.**

Remark 3.22 (Comparison with [Mao24]). The general strategy to construct the cyclotomic log-
arithm dlog,,. is inspired by Mao’s construction of the refined prismatic logarithm dlog [Mao24,
Section 2]. However, note that Mao’s p-adic constructions are limited to the case of odd prime num-
bers p. The explicit formula for the lifted cyclotomic norms (Proposition 3.17) allows us to bypass
this technical assumption, and in particular not to restrict our constructions to odd integers m > 1.

4 Cyclosyntomic regulator

Let K be a number field. In this section, we define, for each integer d > 2, the cyclosyntomic

complex
Rl cyesyn (R, Z(1) ) € 2(2)

of R := Ok[Ag'] (Definition 4.7), its associated first Chern class
7™ RTet (R, Gpn)[—1] — Rl cyesyn (R, Z(1)@)

as a map in the derived category Z(Z) (Definition 4.17), and prove that this cyclosyntomic first
Chern class is computed at cyclotomic units by a g-deformation of the first polylogarithm (Theo-
rem 4.25).

4.1 The cyclosyntomic cohomology of a number field
In this subsection, we introduce the cyclosyntomic cohomology of R := @ [Ar'] (Definition 4.7).
It is defined as a two term complex given in degree zero by the Nygaard twist .4 Z'6x{1} (Defi-

nition 3.12) and in degree one by the cyclotomic twist ‘géd){l}, which we define now.

Definition 4.1 (Cyclotomic twist at d). Let R be a commutative ring, and d > 1 be an integer.
For every integer m > 1, the m-truncated cyclotomic twist of R at d is the cféilr)n—module

Gt {1} 1= Gl @z (" = D/(¢" = 1)
where the cyclotomic ring %éffgl is defined in Variant 2.34. If K is a number field and R is the étale
Z-algebra Ok [Ag'], the cyclotomic twist of R at d is the Z[g]-module

d . d
GO = lm G0 {1
(m,Ax)=1

where the limit is taken over integers m > 1 satisfying (m,N) = 1, and along the maps induced

by the Frobenius maps F,,/,,, on ¢-Witt vectors (Construction 2.9) and the maps (%)_1 on the
second factor (Lemma 3.11 (2)).

Remark 4.2. Let R be an étale Z-algebra, and d > 2 be an integer. For every integer m > 1,
there are natural isomorphisms of Z[g]-modules

G0 {1} = (¢ — DA (g™ = 12 A, = ] (D, [m]2ALD,

where j‘féf& is the m-truncated Habiro ring of R at d (Variant 3.4), and where the Frobenius maps
on ¢-Witt vectors correspond to the canonical restriction maps on Habiro rings (Remark 3.6). Note
that the first isomorphism also holds for d = 1 and that, in general, one may replace (¢"* — 1) and

[m]q by Hd|e|7n (I)e(q)
(m)
Y

MMore precisely, to write down the limit of the maps dlogcy¢ in the derived co-category Z(Z), we use the

1-homotopies hy, ,,+ of Proposition 3.20 to encode the fact that the maps dlogg,? are compatible between

different integers m > 1, and the equality h,,/ p/ © Ry s = By v, also proved in Proposition 3.20, to ensure
that there are no higher coherences to check.
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Remark 4.3. When d = p is a prime number and m = p" is a power of p, the identification
of Remark 4.2 in terms of [m], is reminiscent of the notion of Breuil-Kisin twist in prismatic
cohomology [BL22, Section 2.2], in the sense that we have the equality of ideals

Loa (@) - (eh ) (M) = (Plalpler -~ [Pl 1) = ([p"]a)
in the g-prism (A,I) := (Z,[q — 1], [plq)-

Notation 4.4. Given a number field K, R := Ox[Ag'], and integers d,m > 1, we denote by
can : N2 G {1} — %I({?n{l}

the morphism of Z[g]-modules given by (®.(q)ce(q))ejm + (Pe(q)ce(q))djejm- These maps are
compatible between different integers m > 1 by construction, so they induce a morphism of
Z[g]-modules

can : A 216 {1} — €V {1}.
The following definition is a variant of Construction 3.7.

Construction 4.5 (Truncated twisted cyclotomic Frobenii). Let R be a commutative ring, and
d,m > 1 be integers. The m-truncated d** twisted cyclotomic Frobenius is the morphism of abelian
groups

Frob {1} : A > 6 m {1} — G40 {1}

given by (¢™ —1)(ce(q))ejm — (g™ — 1)(ce/d(qd))d‘e|m. In terms of Habiro rings, if R is étale over Z,
then this morphism is given by the composite

I=

™ d m d
(qm — 1)%Rm Frobg‘"Lb (qd - 1)%1{(@)771 d (q - 1)%1{(,731
(¢ = 1)2 o m (gim — 120, (g~ )20,

where the first morphism is induced by the Habiro Frobenius of Construction 3.7. By construction,
the truncated d twisted cyclotomic Frobenii are compatible between different integers m > 1.

Definition 4.6 (Twisted cyclotomic Frobenii). Let K be a number field, R be the étale Z-algebra
ﬁK[A;(l], and d > 1 be an integer. The d*" twisted cyclotomic Frobenius is the morphism of
abelian groups

Frob?{1} : #>1%: {1} — €V {1}

defined as the inverse limit over integers m > 1 satisfying (m,N) = 1 of the m-truncated twisted
cyclotomic Frobenii of Construction 4.5.

Definition 4.7 (Cyclosyntomic cohomology). Let K be a number field, R be the étale Z-algebra
ﬁK[A;(l], N be a multiple of Ak, and d > 1 be an integer. The cyclosyntomic complex of R at d

is the object
can—Frob {1}
—)

Rl cyesyn (R, Z(1) @) := [ >165{1} €\ {1}

in the derived category %(Z), where the first term #2143 {1} (Definition 3.12) sits in cohomo-

logical degree zero, the second term %F({d){l} (Definition 4.1) sits in cohomological degree one, and
the morphism is defined by Notation 4.4 and Definition 4.6.

Remark 4.8. Although variants'® of the previous definition would make sense for arbitrary com-
mutative rings R, we do not expect it to be a reasonable definition beyond the case of étale
Z-algebras R. This intuition is directly drawn from the definition of syntomic cohomology in terms
of absolute prismatic cohomology [BS22, BL22].

Remark 4.9 (Comparison to syntomic cohomology). Let K be a number field, R be the étale
Z-algebra Ok [Agl], and p be a prime number. Here we compare the cyclosyntomic complex of R
of Definition 4.7 with the prismatic approach to syntomic cohomology, as developed in [BMS19,

I5For instance, if one does not restrict the limit over m > 1 to integers satisfying (m,N) = 1 in Definitions 3.12
and 4.1.
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BS22, BL22, AKN23]. Following [AKN23, Section 7|, the (weight one) syntomic complex of R
relative to the ¢-prism (Z,[g — 1], [p]4) is the object

can—Frob,, {1}

RIgsyn (R, Zp(1)) == fib (</V21 RO /7, [q—1]11} R(l)/Z,,[[q—l]]{]-}>

of the derived category Z(Z,), where R := R®z, Z,|(,] and Frob,, {1} is the divided Frobenius on
the first Breuil-Kisin twist of prismatic cohomology. Given that R = 0k [Agl] is étale over Z, the
prismatic cohomology of R() relative to Zplq — 1] is concentrated in degree zero, where it is given
by the initial prism R/ [¢— 1] of the prismatic site (RM/Z,[g—1]) . Similarly, the Nygaard twist
A2 Ry 2, [q—17{1} 1s given by (¢ —1)R;)[¢ — 1] concentrated in degree zero (|[BS22, Section 15|,
see also [Wag25, 3.20]). Unwinding the definitions, the p-adic realisation maps of Remarks 2.26
and 3.8 then induce a natural commutative diagram

can—Frob {1}
%

N2 {1} &P {1}

| l

can—Frob,, {1}
(¢ =DRlg—1] Ryle—1]

in the derived category Z(Z), where all the terms sit in cohomological degree zero. In particular,
this commutative diagram induces a natural comparison map

RIGyesyn (R, Z(1)P)) — RO yeyn (R, Z,(1))
in the derived category 2(Z).

Remark 4.10 (Truncated cyclosyntomic cohomology). Given a number field K, R := 0k [A;{l],
a multiple N of Ak, and an integer d > 1, the cyclosyntomic complex RFCstyn(R,Z(l)(d)) of
Definition 4.7 is the limit over integers m > 1 satisfying (m,N) = 1 of the analogous complexes

can—Frob {1}
%

RT Gyesyn(R, Z(1)@) i= | A4 >1G {1} a0 {1}

in the derived category 2(Z), where the morphism is given by

can — FrobS {1} : (®c(q)ce(q))em — (Pe(q)ce(q) — Pe(q)case(q?))ajem-

This is indeed a consequence of Remarks 4.2, Notation 4.4, and Construction 4.5.

4.2 The first Chern class

In this subsection, we define the cyclosyntomic first Chern class (Definition 4.17) as a refinement
of the cyclotomic logarithm dlog.y. : Gm(R)[—1] — A#Z'6Rr{1} of Section 3.2. More precisely,
we prove that the cyclotomic logarithm factors through the cyclosyntomic complex defined in
Section 4.1, by exhibiting suitable null-homotopies at the truncated level (Construction 4.12 and
Proposition 4.13).

Notation 4.11. Given an étale Z-algebra R and an integer m > 1, we denote by
B = {(4:2) € Gor (A /(¢ — 1)) X Ga(R) | 7= a(2) in Ao /(g7 — 1) = W, (R))}
the abelian group that corresponds to the extension class
0— #Z1Gr {1} 225 E, — Gu(R) — 0

given by the m-truncated cyclotomic logarithm dlogg? of Construction 3.15. Here we use the
isomorphism
NP {1} 2= (¢ = D)/ (¢ = 1) A

of Remark 3.13 to make sense of this short exact sequence.

22



CYCLOSYNTOMIC REGULATOR

The following construction will be used to define the aforementioned null-homotopy (Proposi-
tion 4.13) and to give the formula presented in the introduction for the induced cyclosyntomic first
Chern class (Corollary 4.18).

Construction 4.12. Let R be an étale Z-algebra, and d > 2 and m > 1 be integers. We construct
a morphism of abelian groups

d
Sq: Ep — %”F(“)n{l}
where E,, is defined in Notation 4.11. This morphism is given by the expression

a:(y,2) — élog (I*%rl[)%(ayb)(y))
where the formula is understood via the following conventions:
e II,; := canoIl, is the composite map
(d)

HMrm | Hidm A
S (i) 2 n (i) = oo (=)

where the first map Il is the lifted cyclotomic norm of Proposition 3.17;

° Frobgab is the composite map

. oblle ‘}f(,d)m %( )
G (g iyz) 2 G (i) — G (G )

where the first map Fro is the Habiro Frobenius of Construction 3.7;

bHab

e the logarithm is the morphism of abelian groups

A A
log : G,, o — om , t—t—1;
& <<qm —1)(g%m 1>) (q™ — (g% — 1)

e “division by d” is understood as the morphism of abelian groups

(d)

d
d—l — [d]_w} . [dm]qﬁfg,tgm i) [m} ‘%R dm ~ (g d) {1}
U mlgldm] Ay G G

given by division by [d]gm = [dm]s/[m], (Lemma 3.11 (3)).

To check that the morphism s, is well-defined, it suffices to prove, for every (y, z) € E,,, that the
element ~
Ha(y) (d) (d)
Frobl () L € L g/ Imqldm]g IR 4,
belongs to the ideal ([dm],), or equivalently that TT,4(y) = Frob}"(y) in jféﬁm /ldm],. We now use
Lemma 3.9, whose proof adapts readily from the Habiro ring ¢ ,, (Variant 3.2) to the variant

,%”( ) (Variant 3.4), in order to reduce this statement to a statement on g-ghost coordinates.

TYL
More precisely, it then suffices to prove this identity on the e g-ghost coordinate for integers

e > 1 satisfying d|e|dm.'® For every such integer e, the desired identity follows from the series of
equalities in R[q]/®.(q):

~ dm

Ta(y)e = Ta(y)e = Ta(T(2))e = Mg (2)e = 27 = = Frob ™ (IT,,,(2))e = Frob}*"(y).

where we use that y =I1,,,(z) (mod ®.(q)) by definition of (y, z) € E,,, (Notation 4.11).

16Note that this is the critical step where we need ®.(g) to be invertible in ﬁféd(gm for d t e, and the reason for
taking this convention in Variant 2.34, Variant 3.4, and Definition 4.1.

23



TESS BOUIS AND QUENTIN GAZDA

Proposition 4.13. Let R be an étale Z-algebra, and d > 2 be an integer. Then for every integer
m > 1, the map

Sq: Epm — (Kédzn{l}
of Construction 4.12 induces a natural homotopy h!, making the composite

dl ogcyc can—Frob {1}
—>

G (R)[-1] —2% #>'G, {1} e\ {1}

homotopic to zero in the derived category P(Z).

Proof. This composite map corresponds to an extension in Ext}(G,,(R), ‘51;(;711)%{1}), given by the
pushout of the extension [dlog{™)] € Exti (G (R), A >1%r.m{1}) of Construction 3.15 along the

cyc
map can — Frob7"“{1}. Unwinding the definition of the map dloggg?, a splitting of this extension
is in turn equivalent to a morphism of abelian groups

s$q: Epyp — (Kédzn{l}
such that the diagram of abelian groups
NG {1} 22X,
can—FrobflyC{l}l o~
G {1}

is commutative. We claim that the morphism sy4 of Construction 4.12 satisfies this property. To
prove this, let z be an element of A4 216 ,,{1}. We then have the series of equality

11g(M):1(M_1)

d Frobi™ (exp(z)) d \1 + Frob*"(z)
- é(u 1 dean())(1 — Frobl () — 1)
_1 (dcan(z) — Froby®"(z))

d
= can(z) — Frob " “{1}(z)

where the first equality is a consequence of Corollary 3.18, the second and third equalities are
consequences of the fact that dcan(z) and Frob}*"(z) are divisible by (¢*™ — 1), and the last
equality is a consequence of Construction 4.5. O

Construction 4.14 (Truncated cyclosyntomic first Chern class). Let R be an étale Z-algebra,
and d > 2 and m > 1 be integers. By Proposition 4.13, the cyclotomic logarithm

dlog™ : G, (R)[~1] — A > Crm{1}

cyc
factors uniquely, in the derived category Z(Z), through the homotopy fibre of the map
can — Frob§ {1} : #Z'6R {1} — ‘51;({‘711)71{1}.

We denote by
7N G (R)[-1] — Rl gyesyn (R Z(1)(7)
the induced map in the derived category Z(Z), where the target is defined in Remark 4.10.

Remark 4.15. The homotopies h/, of Proposition 4.13 are compatible between different integers
m > 1. To prove this, it indeed suffices to prove that the diagram of abelian groups

hm ml
E,, —— E,,
l [
Fom{l}
G0 (1) s el

is commutative for all integers m,m’ > 1 satisfying m|m’, and this is a consequence of the com-
patibility between Construction 4.12 and the homotopies Ay, s of Proposition 3.20.
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Remark 4.16 (Etale descent). By [Wag24, Proposition 2.15|, any descent property satisfied by the
identity functor on commutative rings is also satisfied by the functor R — W, (R) for every integer
m > 1. Unwinding the definitions, this in particular implies that the cyclosyntomic complex of étale
Z-algebras R (Definition 4.7 and Remark 4.10) satisfies étale descent on R, and the cyclosyntomic
first Chern class of Construction 4.14 then naturally factors as a map

c?ycsyn RIet(R, Gm)[~1] — Rl cyesyn (R, Z(1 ) ))

in the derived category Z(Z), for any integers d > 2 and m > 1. Note here that we use the fact
that the higher coherent cohomology of affine schemes vanishes.

Definition 4.17 (Cyclosyntomic first Chern class). Let K be a number field, R be the étale
Z-algebra ﬁK[A;(lL N be a multiple of Ak, and d > 2 be an integer. The cyclosyntomic first
Chern class of R at d is the map

Y G (R)[—1] — Rl cyesyn (R, Z(1)@)

in the derived category Z(Z), defined as the inverse limit over integers m > 1 satisfying (m,N) =1
of the m-truncated maps of Construction 4.14. Note here that we use Remark 4.15 to make sense
of this inverse limit.

The following result is a global analogue of the fundamental p-adic computation of Kato ([Kat91,
Corollary 2.9], see also [Gro90, Proposition 4.1 and Appendix] or [Som99, page 289]).

Corollary 4.18. Let K be a number field, R be the étale Z-algebra Ox[Ax'], and d > 2 be an
integer. For every unit u € G,,(R), the cyclosyntomic first Chern class at u is given by

1 II (ITHab (4,))
CycSyn | (7 ( d\1m )) 1 (d)
cu— (21 cH R, Z(1
Cq (% d 0g FI‘Ongab(HH,Lab(u)) m>1 CyCSyn( ( ) )

where I (u) € 4 m/(q™ — 1)? is any lift of the element I1,,(u) € ¢-W,,,(R) via the surjective
map of commutative Z[q|-algebras i m/(q™ — 1)* - ¢-W,,,(R) (Remark 5.6), 11y is the lifted
cyclotomic norm (Proposition 3.17), and FlrobHab is the Habiro Frobenius (Construction 5.7).

Proof. By Definition 4.17, it suffices to prove the result at the truncated level, where this is a
consequence of Constructions 4.12 and 4.14. O

4.3 The first ¢-polylogarithm

In this subsection, we compute the cyclosyntomic first Chern class of the previous subsection
at cyclotomic units in terms of a g-deformation of the first polylogarithm (Theorem 4.25). To
do so, we first introduce the relevant g-deformation of the first polylogarithm, whose definition is
motivated by Deligne’s notion of p-adic polylogarithm ([Del89, 3.2.3]).

Construction 4.19. Let d > 2 be an integer, and consider the power series

k
L (T), = 3 [TW € 2lq) [[kl] ’j;,j} [T].
. !

Given any integer m > 1, as a consequence of the identity [k + m], = [k], + ¢"[m],, the reduction
modulo [m], of this powers series is

(d) Tk-i-am Tk - 1 Tk
Lip( q—z Z k], (ZTam)( Z m) T 1_Tm Z @
a=0 O<lﬁ[§m a0 O<§[§m O<§£m

In particular, the m-truncated first ¢-polylogarithms

1 " 1 1
Lif (1), := emwﬂ,
' ! L=Tm 0<§<:m [k]q L=Tm [k}q

dik

0<k
<%
are compatible between different integers m > 1.
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Notation 4.20. Let K be a number field, R be the étale Z-algebra 0k [Ax'], and ¢ € R be a root
of unity. For every integer m > 1 which is coprime to Ak, we denote by

€] = (C¥)ejm € Hm

the class associated to ¢ in the Habiro ring %% ,, (Variant 3.2), and similarly for the induced

element in any g .,-algebra (e.g., [(] € %éf?n for any integer d > 1). Note that this class [(]
is well-defined in % ,, because for any integer m > 1 which is coprime to Ak, ¢ admits an m*"
root ¢ W in R, and for any integer e > 1 and prime number p such that pe|m, the Frobenius map

¢ry 1 Ry — R} sends Ci to C<.

Definition 4.21 (First ¢g-polylogarithm class). Let K be a number field, R be the étale Z-algebra
Ox[Ag'], d > 2 and m > 1 be integers, and ¢ € R\ {£1} be a root of unity that admits an m*"

root C% in R. The m-truncated first q-polylogarithm class of ¢ is the element

k
L= (o 3 ) e € 0
dtk

d

where ‘ﬁéﬁn{l} is defined in Definition 4.1, [(] € %PE% is defined in Notation 4.20, and where we

use the isomorphism of Z[g]-modules CKP({?T)H{l} = [m]qf%”éil / [m]gt%”éizl of Remark 4.2.'7 These
elements are compatible between different integers m > 1 by Construction 4.19, and we call first
q-polylogarithm class of ¢ and denote by

.(d d
Liy” ([¢])q € " {1}
the induced compatible system of elements. Similarly, we denote by

Lil” ([¢])g € Hbyesym(R, Z(1)@)

the element induced via the canonical map of abelian groups ‘géd){l} — HéycSyn (R, Z(1)@).

Remark 4.22 (Comparison with [GLSQ23]). Let k be a perfect field of characteristic p, and R be
the étale Z,-algebra W(k). Following the work of Gros-Le Stum-Quirés [GLSQ23], the absolute
prismatic cohomology of R := R ®z, Zp[Cp] can be computed by the complex

o
R(H R[[q — 1] — R[[q — 1]

where the prismatic derivation @ is given by 9 (¢¥) := [pk],¢*~!. This identification is com-

patible with Breuil-Kisin twists and the Nygaard filtration, thus inducing a similar computa-
tion of the absolute syntomic cohomology of R(}). Moreover, the first g-polylogarithm classes
of Definition 4.21 induce, for d = p and via the p-adic comparison map of Remark 4.9, natural
g-polylogarithm classes in the relative syntomic cohomology group Hésyn (R,Zy(1)). We expect that
these classes should come from natural cohomology classes in the absolute syntomic cohomology
group Hi,, (R™M),Z,(1)), via the canonical map H,,(RM),Z, (1)) = Hyy, (R, Zy(1)). However, we
have not been able, using the previous prismatic derivation 9 , to exhibit such cohomology classes.

Lemma 4.23. Let K be a number field, R be the €étale Z-algebra Ok [A;(l], ¢ € R be a root of unity
of order dividing N. For every integer m > 1 satisfying (m,N) = 1, the element

o1 — )= [ -dK]) € Ham

o<ij<m

is sent to the element I1,,(1 — {) € ¢-W,,,(R) wvia the canonical surjective map of commutative
Zlq)-algebras AR m — Hm/ (@™ — 1) =2 ¢-W,,(R) (Remark 3.6).

17Note here that to evaluate the first g-polylogarithm of Construction 4.19 in the Z[g]-module ‘K]gdzn{l}, we use that
[Klg = Ilejk,e>1 Pe(q) is invertible (because each ®c(q) is, if d { k) and that 1 — [¢]™ is invertible (because the

1
order of ¢ is invertible in R, and one only considers the et” g-ghost coordinates for (e;,N) =1, so that 1 — (e is
invertible in R).
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Proof. Let e > 1 be an integer satisfying e|m, and in particular (e, N) = 1. By [Wag24, Lemma 2.23],
it suffices to prove that TTI}2b(1 — [¢]) = I1,,,(1 — ¢) modulo ®.(q), which follows from the series of
equalities

Pl ae4+j ~L\ i lym m
II a-d¢Hr=JI ] a-¢¢H= J] a-d¢) =01-0*
0<i<m 0<a< ™ 0<j<e 0<j<e

th

where we use that ¢ is a primitive e’ root of unity modulo ®.(q). O

Proposition 4.24. For any integers d > 2 and m > 1, the equality

i d
1 Hogjem A =¢T)" | _ T’f
= log = . =—[m], - Z
d TTo<,<m (1 — g27T9) 1—Tm

0<k<m
dtk

1 1 1
1—T7 [k]g> T—gI T

holds in the commutative ring Z[q, T) { p

U<f;[§m 0<j< m] /Im]?.
Proof. We first prove that

[ml; Zlq, TI[S7'] = [ml; Qlg][S3 '1[T] N Z[g, T]

where S; C Z[g, T] is the multiplicative set generated by 1 — T™, [k], for integers 0 < k < m
satisfying d { k, and 1 — ¢/T for 0 < j < m, and where Sy C Q[q] is the multiplicative set
generated by [k], for integers 0 < k < m satisfying d { k. The left hand side is a subset of the right
hand side by construction. The other inclusion is a consequence of the fact that the intersection
()2 QIS5 ' N Zlg] is equal to [L,, ®e(0)? Zlg).
Using the previous paragraph, it suffices to prove the desired equality in the bigger commutative
Q[q)[S5 1 T]/[m ]2, where the computation

J k mk __ k
log H (1—-¢'T) Z log(1—¢’T) = Z Z(q];r) :_Z<qk_11>Tk

0<j<m 0<j<m 0<j<m k>1 k>1

makes sense. In particular, this implies that

imnd
1 X 1—a¢’T mk __ 1 Tk
- log HO§]<m ( q‘ ) _ z : q
d H0<j<m (1 - quTd) qk -1 k

dtk
—Im [k]q’" Tj
=l h;([k]q) ?
dtk
Tk
= —[mlq- Z T,
i>0 U714
dtk

where we use that [m]g - [k]gm = [m]q - k modulo [m]2. The desired result is then a consequence of
Construction 4.19. O

Theorem 4.25. Let K be a number field, R be the étale Z-algebra ﬁK[A;(l], N be a multiple of
Ak, and d > 2 be an integer. For every root of unity ¢ € R\ {£1},’% the cyclosyntomic first
Chern class (Definition 4.17) sends the unit 1 — ( € G,,(R) to the first q-polylogarithm class

Lif ([¢])q € Hbyesyn (R, Z(1)@) (Definition 4.21):

C?ycSyn 21 = C —_— — Ligd)([d)q‘

18For ¢ = —1, the same result up to replacing R by R[%]7 in order to ensure that 1 — ¢ € G, (R).
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Proof. First note that 1 — ¢ is a unit in R. Indeed, if g is the order of ¢, then 1 — ¢ divides ®4(1)
in R, and ®,4(1) divides g in Z (®,4(1) is either equal to p if g = p" is a prime power, or equal to 1
otherwise), hence 1 — ¢ divides g in R. Moreover, because g > 2, we know that the prime supports
of g and of Ag() agree. Using that Ag(c) divides Ak in Z, this implies that g is invertible in R,
and so is 1 — (.

By Corollary 4.18 and Definition 4.21, it suffices to prove that for every integer m > 1 which is
coprime to N (and in particular to the order of (), one has the equality

1 (P01 =C) y_ (1 g [
&log(probga"m%ab(l—c»)__(1—[41’” 2 [’ﬂq) e
dfk

0<k<m

m

Lemma 4.23, one can choose the lift TI!2P(1 — () to be given by [ocjem(l — ¢’[¢]), where the
element [¢] € & m /(g™ — 1)? is defined in Notation 4.20.

Arguing as in the proof of Lemma 3.9, the commutative ring jféf}m /[m]q[dm], is flat over Z,
and in particular is d-torsionfree. This implies that it suffices to do the desired computation after
inverting d and thus, following Construction 4.12, to only consider the e g-coordinates for integers

e > 1 satisfying d|e|m. By definition of the Habiro Frobenius Frob5*” (Construction 3.7), we then

have
Frobf*" (I (1 - ¢)) = Froblf™* ( [T (1=a’lch) = [] (1 - ™[],

0<j<m 0<j<m

in @\") {1}, where ITH"(1 — () € S /(g™ — 1)? is any lift of IL,,(1 — ¢) € ¢-W,,(R). By

By definition of the lifted cyclotomic norm I, (Proposition 3.17), we similarly have

(- o) =M I] a-¢'kD) = [ -

o<j<m o<j<m

where we use the fact that we restrict to the e g-coordinates for integers e > 1 satisfying d|e|m.
In particular, this implies that

1 ﬁd(Hgab(l -q)) _ 1 Hogj<m(1 —¢[¢])?
a' (Frob?abmgabu - <>>) “a' (Ho<j<m<1 —)

and the desired result is then a consequence of Proposition 4.24, which we can apply because the
lift TP (1 — ¢) := [Toe e (1 = @[C]) of My (1 = C) s a unit in 4%, /[m]2. O
Remark 4.26. Let K be a number field, d > 2 be an integer, and ¢ € Ox[A']\ {£1} be a root
of unity. Using the equality (1 — () = —( - (1 — (™), Theorem 4.25 implies in particular that

Lif” ([¢])g = Lif ([¢] 7)),

in HlecSyn(ﬁK [AL'],Z(1)( ). Here we use that the cyclosyntomic first Chern class vanishes at
the root of unity —¢ € R, which is a consequence of Corollary 4.18. Interestingly, while the
general relation Ligd)(T)q = Li(ld)(Tfl)q does not hold as abstract power series, it does hold in the

commutative ring introduced in Proposition 4.24. In particular, the previous relation at [¢] already
holds in the cyclotomic twist %éd){l}.

Remark 4.27. Via the p-adic realisation map of Remark 4.9, Theorem 4.25 also implies that the
first g-polylogarithm class — Ligp )([C])q also appears naturally in the relative syntomic cohomology
group H;Syn(R7 Z,(1)), as the syntomic first Chern class of 1—¢. To the best of our knowledge, even
this g-refinement of the classical p-adic result is new, and complements the work of Anschiitz and
Le Bras [ALB20], where they proved that a g-deformation of the p-adic logarithm appears naturally
in the syntomic cohomology group H?, (R, Zy(1)) of quasiregular semiperfectoid Z,“-algebras R.
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